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SCIENCE RELATED VALUES 


Curiosity, quest for knowledge, objectivity, honesty and 
truthfulness, courage to question, systematic reasoning, 
acceptance after proof/verification, open-mindedness 
search for perfection and team spirit аге some of the basic 
values related to science. The processes of science, which 
help in searching the truth about nature and its 
phenomena are characterised by these values. Science 
aims at explaining things and events. Therefore to learn 
and practise science : 

* Be inquisitive about things and events around you. 

* Have the courage to question beliefs and practices. 


* Ask ‘what’, ‘how’ and ‘why’ and find your answers 
by critically observing, experimenting, consulting, 
discussing and reasoning. н 


* Record honestly your observations and experi- 
mental results in your laboratory or outside it 


* Repeat experiments carefully and systematically if 
required, but do not manipulate your results under 
апу: circumstance. 


* Be guided by facts, reasons and logic. Do 
biased in one way or the other. те 
* Aspire to make new discoveries and inve 


sustained and dedicated work. ntions by 
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1.5 bane been covered in Part 1. Part 


ТП of this textbook will cover Chapters NAA 
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Indefinite Integral 


ІМ СНАРТЕВ 3 and 4 we studied differentiation and its applications. In the next two chapters, 
we shall study another important process called integration. This also has several applications 
in science and technology as well as in other fields like economics. 

Integration is the inverse process of differentiation. The process of finding f(x), when its 
derivative f'(x) is given, is known as integration. In this chapter, we study some methods of 
integration. 

6.1 Integral as Anti-Derivative 


To explain the meaning of the word ‘integral’, we first consider an example. 
We know 2- (sin x) = cos x. 

The function cos x is the derivative of the function sin x. On ti:e other hand, we say that the 
function sin x is an integral of cos x. 


More generally, if = (fc) 20), 


we say that f(x) is ап integral of g(x). 

In other words, f(x) is an integral of g(x) when and only when g(x) is the derivative of f(x). 
For this reason, integral is sometimes described as ‘anti-derivative’. It is also called “indefinite 
integral’ as opposed to the ‘definite integral’ which you will study in Chapter 7. 


Notation 
If f(x) is an integral of (0), we write 


/ g(x) dx = f(x) 


and read the symbol / as "integral". In this notation dx separately does not have a meaning. This 
bol dx conveys that x is the variable of integration; this means that the function g(x), as a 
function of x, is taken, and we are finding a function f(x) whose derivative (with respect to x) is 


x). ELA 
Ч We already know the formulas for the derivatives of many important functions. From these 
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formulas, we can write down immediately the corresponding formulas for integrals, as shown in 
the table below: 


S.No We already know Correspondingly one integral 
the formula is given by the formula 
d = -1 -1 
Т. Ду? (х) = nx" пх"! ах = т 
for all integers п # 0 for all integers n = 0 
се Jeane 
d d 2 
2% ах (sin x) =cos x [cos desine 
Үн. : 
4. ах (совх)--сіп x / (—5їп x) dx = cos x 
d 
5: дұ (tan x) = sec*x Jede mis 
Ld ER | 1 TP 
6. dx (sin T UTERE Wi = зіп x where |х|<1 
Example 6.1 


Write the integration formula corresponding to 
za (cot x) = —cosec? х, 
Solution 
The corresponding formula is 
Jc cosec? x) dx = cot x. 
Remark 


We have to be careful е Wee functions whose domain is not 
instance, when we say A (log x) — 1 , ме know that log х is defined 
therefore, its derivative is also taken only for Positive x. But, if we 


the whole rea] line. For 
only for positive x, and, 


write / 1 a= 
/1 dx = log x, the 
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given function E is йена for all non-zero values of x, and, therefore, its integral must also 
be defined there, but log x is not defined for negative values оҒх. This is overcome in the manner 


given below: 
ulad Ånn 


иг 1] 


Note : The above formula is to be applied for х lying in an interval (8, оо) or an interval (—со, —8) 
for a fixed > 0. It does not apply for anyx Е К or any x in an interval containing 0 


Proof 


4_ EE 
ж HBX) = у :х>0 
а 
T (log(—x)) = ex сй ‚х<0 
Combining these two, 2 (log |x |) - ‚х0 


and, therefore, ji d= log lx | 


А 1 
is one of the values of integral of eas 
Remark 
A function can have more than one integral. To see this consider 


Ze 2)=е 


and, therefore, / e dx = e' + 2. But already we have listed above that у €' dx—e' Thus, both e 


and е* + 2 are integrals of the function е". 
More generally, we can say that if 


Јо) dx — р(х), 
and if c isa constant, then it is also true that 
/ to dx — р(х) + c. 


an easily prove this. 1 і 
You с sthat apart from this there is no other function that is an integra! of f(x). Inother 


Our next result i 
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words, if one integral of f(x) is g(x), then every integral on f(x) must be of the form g(x) + c for some 
constant с. To prove this, we require a theorem on differentiation, which we state and prove below. 


Theorem 6.1 
Let f(x) be a function such that f'(x) is identically zero. Then f(x) is a constant function. 
Proof 


Let a < b be two real numbers. Then, on the interval (а, b], f(x) satisfies the conditions of 
Lagrange's mean value theorem. Therefore, there is some c between a and b such that 


f= ecd But by assumption, f'(c) =0. Therefore, f(b)= f(a). Thus, f(b)= f (a) holds 
for any two real numbers a and b. This means that f(x) is a constant function. 


Corollary 


Let f(x) and g(x) be two functions such that f(x) = (х) identically. Then there is a constant с 
such that f(x) = g(x) + c identically, i.e. for all values of x. 


Proof 


Let 
Then 


h(x) = f(x) - g(x). 
т) = у(х) – g'Go) 


=0 (by assumption) 
Therefore, by the above theorem, й(х) = a constant с. Therefore 


Јо) = ge) + h) = р(х) + c for all x. 
Corollary 


Let f(x) and g(x) be two integrals of the same function. Then there i 
Јо) =g(x) + c for all x. eis aconstantc such that 
Proof 


This is only a restatement of the previous corollary. 


. Notation 


In the sequel, we shall denote a constant by C without explicit mention 


Thus /вж-езс. 


By this, we mean: “For each real number С, е" + C is an in 
а i : tegral of e* and every i i 
this form". We say that the general integral of e is e+ C. кеш 
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Terminology 
Symbols/terms/phrases Meaning 
(indefinite) Integral 
/ fco dx Integra! of f(x) with respect to x 
Јо) ш/ feo “х Integrand 
xin / f(x) dx Variable of integration 
Integrate Find the integrals 
Integral of fX) A function g(x) such that g'(x) — f(x) 
Integration The process of finding an integral 
Arbitrary constant Any real number C, considered as a 
constant function 
Integral is unique Anytwointegralsofthe samefunction differ 
upto a constant only by a constant (see the last corollary) 
| Remark 


Some rules of differentiation have their counterparts in integration. 


/ шо) + ус] dx = / u(x) dx + / v(x) dx 


Formula 6.2 


Proof 
1 Bae і 
We know 2 Le) + geo] = fen* Ws 509 2 
lub siis 
Let u(x) = dx f(x) and v(x) us g(x). 
This gives [us dx = f(x) and | dx = g(x). 
Now. р 
fw а 1 v(x) dx = + 869 
1 
= / 427000 5800) dx 
(бу definition of integral) 
bY d d el 
-/ Es Otr g(x) | dx by (6.1) 


= j Шо) + ух dx 


Thus Ї шо) + v(x)] dx = / u(x) dx * \ / у(х) ах. 
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Remark 


Thisisinterpretedas follows: When и апау are two functions, their sum u+ v is defined pointwise 
by (u + v) (х) = u(x) + v(x) for all x. Formula 6.2 can be stated in words as: 


"an integral of the sum of two functions, is equal to the sum of integrals of these two functions" 


For example, 
fe + sin x) dx -/г ах {ж хах. 


Again, here and in the sequel, these е 


і à qualities are only upto a constant. The ri ght side of 
the equality may differ from the left side by a constant. : 


Formula 6.3 


ji cg(x) dx — c Jew dx, where c is a real number. 
Proof 


d EM CP : 
From the rule TE (ох) = с ас ГО). we obtain 


i 1 ср(х) ах-с Ji B(x) dx 


(and as usual, the equality is upto a constant). For example, 


J жаса хах. 


Formula 6.4 


i F (go) g'Go dx = fig). 


Proof. 
By the chain rule of differentiation, we have 


Uf geo! = во) а (х) 
It, therefore, follows that 


|r) g'(x) dx = fig). 


We shall see in Section 6.2 how this can be used to integrate Some functi 
1015, 
Note 
Similarly by the product rule of differentiation, we have 
(Сә во) = fo g'G) + go») Го. 


“ 
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It follows that 


Л Шо) L'E) 5809 Лод] dx = Јо) 800. 


We shall see in a later section how this сап be rewritten so as to be useful for integrating the 
products of two functions. 


Formula 6.5 
x! 
Joa сия z-1 
Proof 
d yt! 1 4 5 
Go үгэ EL. 1 
dx a) ntl ах 6772 
1 
= сү obs 
Ly. 
s One ofthe values ot /' dis = 
п+1 
у, pi 
si ЫА GS ae 6 


[When n= —1, this proof fails because it involves EX See Formula 6.1 for this case.] 
The following examples illustrate the previous results. 
Example 6.2 


Find ЭС ах. 


Solution 


Joe «am зач f os 
4 - Т 
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(2°) +С, + (+ С) 


226 
=F +е+С. 


The two constants C, and C, are merged as a simple constant С. 


Example 6.3 


Find / cos 2x dx. 


Solution 
We look for a function whose derivative is cos2x. From our knowledge that the derivative of sin x 
is cos x, we consider sin 2x first. 


1525 È 
> (sin 2x) = 2 cos 2х 


We know 
Therefore, cos 2x = i (2. cos 2x) 
= 2 2 (sin 2х) 
= L = sin 2x). 
Therefore, 12 2хах- ыг sin 2x + C 


Example 6.4 
Find ih (sin 2x — 4е%) dx. 


Solution 


/ 1 


Jen 2x — 4e ) dx 2/ біп 2хах- j 4e? dx. 


Now, [inza 1 esc 


d 1 1 4 
bei = UE = 
cause v | 2 cos > | 2 | sin 2x)2. 
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: 1 239 
[To arrive at — a ER 2x, we first find the derivative of cos 2x, and then find out the constant - + 
2 


so as to make the derivative as sin 2x] 


Next, / ee [eras 


ES 1 

=4 ( OF y Ge 
[This is again, because we know 

d 

a= 2365 

ДОЙ ТО, 

4 [e 

de | 3 | 2474) 
Thus 


[Gin 2-46 ai-- Jos 2x + IS 


Comparison and Contrast between Differentiation and Integration 
1. Bothare operations on functions. Both give functions as answers. 


2. Both are linear This means 


(a) Inorder to differentiate the sum of two functions, it is enough to differentiate the two 
functions separately, and then add the two derivatives obtained. Similarly, in order to 
integrate the sum of two functions, it is enough to integrate them separately and then 
add the two integrals obtained. 


(b) The constant can be taken outside the differential or integral sign as shown below: 


4 (efe) LI) 


and fuo ах-с д; f(x) dx. 


з. You have already seen that not ail functions are differentiable. Similarly, not all functions 
are integrable. You will learn about this in higher classes. 

4, The derivative of a function, when it exists, is а unique function. The integral of a function 
is not so. It always varies upto a constant. 

5. Whena polynomial function p(x) is differentiated, the result is a polynomial function whose 
degree is 1 less than that of род. When a polynomial function p(x) is integrated, the result i: 
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a polynomial function whose degree is 1 more than that of р(х). 


Let f(x) be a function obtainable in a finite number of steps, by taking sums, products, 


quotients, number-multiples and composites, from polynomial, exponential, logarithmic 
and trigonometric functions. For instance, 


f(x) = sin (log х2) + 2 log cosec х2. 


We have already studied how to differentiate all such functions. However, it is not the case 


with integration. We do not have methods to integrate all such functions. Wecan integrate 
only some of them. 


We can speak of the derivative of a function at a point. We never speak of the integral of 
a function at a point. 


The derivative has a geometric meaning, namely, the slopes of the tangents to a curve 
Similarly, the integral also has a geometric meaning, namely, theareas ofsome regions. Thi ; 
will be studied, in the next chapter. . This 


The derivative is used for finding some physical quantities like th 


Wi E 2 Р e veloci of м 
particle. Similarly, the integral is also used in calculating some ЗОЛ D пюуша 
centre of mass, momentum, etc. 9 ities like 


Differentiation is a process involving limits, So is integration, as will be seen in the ni 
chapter. ext 


Differentiation and integration are inverses of each other. 


d A d 
2f foe fe) (= ә) de fe) C 


whenever these exist. In other words, if for a functi 
one after the other, we get back the functio lon f(x) both t 


hese processe i 
f(x) upto a const р $ are applied 


ant. 
EXERCISE 6.1 
For the following differentiation results, write down the aa 
Tesponding int 5 
egratio 


(a) 4. (вес x)= sec x tan x n results: 
X 


(b) = (cosec x) — —cosec x cot x 


1 
ТЕ 


(d) 4- Gin 2x) - 2 cos 2x 


(©) бат 
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© ез-жез 


2. For the following integration results write down the corresponding differentiation results: 
? ах i 
a Se 
(a) / x 


© [eae le 


(с) [cose Get 4) cot (3x + #&=-+ совес (3x + 4) 


(а) m 


E 3. Write down an integral for each of the following: 
(a) х 


(b) x 
(© xx 
(d) 42-4 


(e) 


O ху 
2—1 
(h) a?-tbxtc 
4, Write down the general integral for each of the following: 
(a) secxtanx 


(b) sinx+ cosx 


(c) secx (secx + tan x) 


2 
(d х3 +1 
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5 Integrate the following, by trial and error, if necessary: 
(a) sin2x 


ф) = 
(с) 4+1 
(d) (+5 
6.2 Integration by Substitution 


In the last section, we integrated some functions like sin xand sin 2x, by mere inspection. These 
functions were simple enough to make а their anti-derivatives, But More often, given A 
function f(x), it may not be possible to find by inspection the function M(x) whose derivative » 
f(x) Hence, the need for developing methods of integration. Inthe Test ofthis chapter, some such 
methods are studied. Prominent among them are methods based on 
1. Substitution (Sections 6.2 and 6.4) 
2. Partial Fractions (Section 6.5) 


3. Integration by parts (Section 6.6) 
4. Successive Reduction (Section 6.8) 


i i again, is Oftwo kinds 
tegration, we introduce a new variabl р 


will be studied in Sections 6.2 and 6.4 respectivel 


580). These 
The first method of Substitution is essentiall 


y the use of the formula 6.4, пате!у 
7 (gC) о) dx = f (#69) + С 
obtained from the chain rule of differentiation. The following examples iii 


Strate this methoq 
Example 6.5 


Find D ais cos x dx. 


Solution 


Let g(x) = sin x (This is called the Substitution) 
Then 8'(Х) = cos x, 


11121085 abi, 


жүр. 
XE 
та ЭР ЯС 


| 
| 
| 
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Check 


d sin? x бус 
Яс | 2 TG р sin x cosx 
which is the integrand. 


Remark 


There are more convenient ways of working out this solution. One of them is as under : 


Let y=sinx. 
Then dy = cos x dx. 
(This is a formal way of writing a -совх) 
Ё3 / sinxcosxdr=/ уфе 22 +С 
-sitr Qc 
2 


Another convenient way is as below : 


| зөхөөхас- f впав» 


-(GinxY, с 
2 
Ехатріе 6.6 
Find / Ес dx 
1+2 
Solution 
Let y = e. 


Then dy = e* dx. 
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Remark Қ 
This solution can also Бе worked ош more briefly as follows : 
; ° 
[e/a 
Tres a) С ae") 
=tan (e) +C. 
Remark 
| 
It is often important to guess what will be a useful substituti 
| а ен ubstitut; 
for a function whose derivative also occurs in the integral, This isea we make a substitution 
| ained іп th 
Example 6.7 next example, - < 
Find / x? sin х? dx. V 
Solution Ай 
If we substitute 7 
ул ѕіп х, 
(һеп 
dy = 3x cos х ах. 


This is not available in the integrand. Therefore. We try a di 
Я different substitut; 
titution, 


ety= Ñ. 
"hen dy = 3x? dx (Note that 22 is occurring in the integrand) 


ofe sin? de -Jine (75) a. 
-f sn» pur 
3 
=i sin y dj 
3 уау 


223 (cos у)+С 


ян 


ЕЙ 
= ——cosx+ 
3 С. 
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The Steps of the Substitution Method 


І. Guess a suitable substitution y = &(x). This results in the change of variable of integration 
and brings the integral to a standard form in the new variable. 


2. Compute g'(x) and dy = g'(x) dx. 

3. Write the integrand as a function of y, to be integrated with respect to y. 

4. Integrate it and get the answer as a function of y. ' 
5. Substitute back y = g(x) in the answer and write the answer in terms of x. 

Remark 


Sometimes we may have to make special (or tricky) substitutions as seen in the examples below : 


* Example 6.8 3 


| Find /seo xd 


Solution 


Let y = sec x + tan x. 


= sec x tan x + secx 


dy. 
Then dx 


= sec x (tan x + sec x) 


= у secx. . 


1 
5есхах = — ау. 
y 12 


А EAM 
У ввха-1 ау 


= 10р ly І-с 
=log |secx + tan x Іс. 


Ехатріе 6.9 


aoc 


ntegrate 
Integral a ae 
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Solution 


1 т СВЕ 
= sinx 
1+{апх [uL Ea 
cos x 
cos x 
cosx + sin х 


(cos x + sin x) + (cos x — sin x) 
2(cos x + sin x) 


1. cosx—sinx 
2 2cosx+ sin x) ` 


Put y=cosx+ sinx. 
Тһеп dy = (cos x — sin x) dx. 


„уук ta sl 1 

Jic PE т 
Zi К 
2*5 leg ly |+С 


cuts А : 
2 ar 2 log | созх * sinx |+ C. 


Remark 


Insuch problems, one hasto guess the right substitution through practical experience. Itis possible 
that there are many substitutions, and one may be more elegant than the other. 

The following table gives the integrals of the six standard trigonometric functions. These will 
be used later without reference. 


1. E = -cosxd С 


2: fast = sinx+C 


3. n = -loglcosx |- C 


= loglsinx |+ С 


> 
Ж 
8 
ҡ 
= 
| 


= log | вес x + tan x [+С 


asco 
8 
ч 
8 
! 


1 
к 
# 


d — log | cosec x + cot x І-с 


hut soma Mme 


ж 
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Integrate the following functions : 


1 cotx 
3 log x 
gl 
5 (Повх) 
ж 


7. їп (ах + b) cos (ах + b) 


9- (4xt+2)V2+x4+1 


Ш. x NEZ 
13 sinx 
` 1+со$х 


15. cotxlogsinx 


17. tanx 

19. MERC 
e*-2 

ЖЕ с! 
1+соїх 

Т ы. 
sec x + cosx 
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EXERCISE 6.2 
2. 2xsin@?+ 1) 
4 10802) 
x 
6.  sinxsin (cos x) 
8. Vart+5 
10. (3х-4у 
12. вес(7-4х) 
14. sinx 
(1+ cos x? 
16 sin (tan! х) 
қ IEZ 
2EY 
18. TED 
20. cosecx 
2. — 
1 —1апх 
24. 2cosx-3sinx 


6 соѕх+ 4 sin x 


6.3 Integration Using Trigonometric Identities 


When the integrand involves some trigonometric functions, we use some known identities to find 
the integrand, as illustrated through the following examples : 


Example 6.10 


Find » sin?nx dx. 
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m 
Solution m 
We know cos 20— 1 — 2 sin?@ and, therefore, $ 
Їїнэ 
simg- 19520 
Дань f 1 то = 
1 
=] — ж-/-- cos2nx dx 
2 2 
= 1 = ale 2nx + 
2* 4, sin (а: 
Example 6.11 5 
Find / cos mx cos их dx, where т and л аге Positive integers and т = и. What will happen if ЫН | 
т=п? | 
Solution 
We know the identity 
1 
COS mx COS nx = та [cos (m + n) x+ cos (m-n)x]. 
52 тх cos nx ах = ES * 
2 | / 60507 + nyc dx + cos (m — n) x dy 
_ 1 |sin(m+n)x Sin (m — пух 
Ec Е 28535 
When т =n, cos (m — n) x becomes 1 ЗЭР (since m =n as given 
Thus, when m =n and, therefore, its Integral is х. ) | 
К 
ene m cos ne de= fos? mea f 


NAM E 
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Example 6.12 
Integrate tar?x. 
Solution 
/швхас- f шеге 1) dx 
= / secx dx — т 1ах 
=tanx-x+C. 
EXERCISE 6.3 
Integrate the following: 
1. sin 3x cos 4x 2. sin’(2x + 5) 
3. cos 2x cos 4x cos бх 4. соғх 
5. sin? (2x + 1) 6. sin*x cosx 
7. sinx sin 2x sin 3x 8. sin 4x sin 8х 
9 l-cosx. ТОК асада 
1 + соѕх 1+ cos x 
11. sin*x 12. cos'2x 


13. .simx | 
1+cosx 
14. sin mx sin nx, where т and п are distinct positive integers. 


15. sin mx cos nx, where т and n are distinct positive integers. 


16. sin’bx 17. сох 
E i9; em dem. 

18. (21апх- 3 cot x sin сойх 

26.1 E Б. 


1+sinx 1-совх 
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сов? : 
aes, 23. sink 


sinx 
6.4 Some Special Integrals 


In this section, we prove the following formulas and apply them for integrating, many functions. 
In proving these formulas, no newer methods are required than what has been covered in the 
previous sections. 


dx 1 = 
jh Шаа” езен ка 
is 2a все p 
СІ ах MIS а+х 
а-д 2а 9% а-х 
ах 1 E 
Bi (2 = сасе 


4, ЭЭР а | вс 


N 


ре 


, 


s / ёс =si X +ç 
Уа-х а 4 


о 


dx Cm S 
^ / 1522 = log | ха |+ С 
Using these formulas, we show how to integrate functions of the form 


parse ando 2 - 
ах + bxtc Уа + bx +c 


Now let us prove the following formulas : 
Formula 6.6 
dx 1 
x-g 


х-а 


= 2а log) yg FG; 


Remark 
The remark made under Formula 6.1 is relevant here and in Formula 6.7 below. 
Proof ^ 

ur р 1 1 


2-2 кабза) 


E 
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Formula 6.7 


Proof 


[= 4)-(х- а 


(x-a) (х+ a) 


1 1 
ха, х+а | 


This can be deduced from formula 6.6 by observing 


and 


Formula 6.8 


Proof 


а 
я & -4|/ d [а 
L-e 2а |^ ха х+а 
DT 
- s [бё Їх-а | - tog lx+ a 
E aT. (ese 
17» 90, log xta + С. 
2334-0213 ax 
/ 2a 102 22 20|6С. 
(кіс 0з у) ВКО 
аг L-e 
1 а+х e х-а 
05 d OS xa 
[ fark @ с 


ес 
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1 
mo nie * 0. 
a 
Another Proof 
Let x =atan б 
Then dx —asec 040 
and азд-а-а"(ап?0 


=@ (1+ tar? @)= а вес? 0 


J£ JL 
+? а? sec? 0 


1 
а / 40 
1 
=— 0+С. 
а 


But our answer should not involve Q and it should be in terms of x. біпсех- atan 0, h 
: =a tan 0, we have 


Ө= ќат! ХУ. This gives 
а 


Formula 6.9 


ETIN a : 
TREN lal *C (taking |x |« |a |y, 


Proof 
Let E. ye z 
Ж lal 
Then ; dy Г ах 
ai. la 


апага. dx= |а шу. 


@ 
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Also 48-2-128 ( -£) 
— ЧаЗа) 
= мя 
Thus dx =. laldy _/ ау 
Va? х Hins Пе 
=sin'y+C 
x 
= г! + С. 
[а | 


Note that considering the cases where a is positive or negative we сап write т = 


since біп”! (~a) = (2n + 1) m+ sin" (о) 


Another Proof 
Let x-—asin 9 
Then dx—acos0d 0 
and Va? — x2 = Va? = а? sin? 6 
= Va? cos? 0 
= асо50. 
уз 22 a cos 0d @ 
Va? “асов 0 
= / 7) 
=0+С 
=sin? > +С 
4 A 
Formula 6.10 


=log |х+ 42-2 |+С, |x |> la | 


ПЭ 
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ви +С 
а 
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х= |a |sec 6. 
dx = |a |sec Otan 040 


an 8-42-12 20-2 
=e us 
= |a пд 


ак la |весд 
и _ | Ханд |, 
[ss latan 6| uade 


-/ se 040 


=log |sec 0+ tan 0 |+ С. 


Note : The cancellation in the last but one step needs careful study of the behaviour of tan біп 


Then 


22 


Now our answer should not involve б and must be in terms of x. 


write our answer as Using tan 0-- co. We 


dx 
[3 = log |5ес 0+ 
[Ss g. [sec O+ tang |+ С 


=1ор, lx+ Taaie 

Formula 6.11 
/#= =log |х+ [үз lac 
Vee 2 


Proof | 
This can бе proved by the substitution x: 


ao 
Received 
Cont. n 8 noi v. Ева 
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| SCERT, West Bunga, — 

Method to Integrate Functions of the Form H 

a bxc 
We first write 

4 
ane c 
ax*bxtc-a 5 ib E - ЗІ 
d etus 


and let y 7 x zb. 
2a 


Then the integral reduces to the form а (у? +42). This can be integrated using the formulas 
just studied. 
Example 6.13 
dx 
Find RECTE mS 
1+х—? 


Solution 
1+х—У?=-(?—х- 1) 


Г GE li 


к БЫ e [ages at 
2 2 
aud UE 
2 2 
= log ЗЭС 
о м Т? 
2 2 2 
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Ехатріе 6.14 
1 
Integrate --. 
1+2 (&+2)? 
Solution 
Let у=) (4 2). 
dy — A2 dx. 
“аас те? ч." ау 
ИСТОР ЧР нЕ ТА 
Ч. 
=y (arty +c 
A ETE 
= р me 2) с 
Method to Integrate Functions of the Form 1 
Ya? + bxc 
i 1 
This can be reduced to the form and then Атар ia 
studied. Vla iVE PEE using the formulas just 


Example 6.15 


1 
Integrate a (We assume a and b to be Positive), 


Solution 
Let Уг х 
Тһеп dy — Бах. 


: widen A d 
Rien cu e 


zo dy 
$ Тр” 


INDEFINITE INTEGRAL 
293 


Example 6.16 


dine 
X2-4x +2 


Solution 


"n dy В ау 
42-4х +2 [qe 


= log Їг-2)54(2-2)-2 Іс 
-log lx-2)* 7-4;121/5С 


In our next example, we use both the above formulas and the substitution method. 


Example 6.17 


Find [= dx. 
м-9 


Solution 


ев Ж: A 
[333 a] де 7-94 


АВА 


Жу ы! = 
EST ац / 5 dx. 


Let us first find /,. 


Let 
Then 


MATHEMATICS 


у 
L 
= 7 log ly lec 
1 
зор 10614-9 |с 
Now let us find Z. 
Let = 
Then dt = 2x ах. 
ia) == ТЭС 77 
2 20:52 [a 


х-9 
Ч Эр log | 
4 log x'-9 | + 12 log |5::31.с 
3 
Note : C, + С, is expressed as a single constant С. 
Method to Integrate the Functions of the Form —PX* q or ЕЙ: 


%ӛхес Var + bxta 


Express рх + qin the form А (2ах + b)+ B noting that 2, s 
ах + з 
Then the integral reduces to the known forms. b is the derivative of a24 bxc 


Example 6.18 


с с Ет. у. 
9-4 


Solution 


Let y-7G&-5) &=4)=2_ 
Then dy = (2x — 9) dx, 


4 


9х + 20. 
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% 
The numerater бх + 7 сап be written in the form 
Р A(2x—9)+B 
In fact, 6x + 7 =3 (2x — 9) + 34 by easy calculation. 
6x+7 3dy | Заах 
(Ss LU er ms 
(х— 5) (x - 4) у Ve- 9x + 20 
s3043 / ——— 
1 (>-2 цай 
2 4 
=6W +341 9 ак 
у Sd |09 x^— Ox + 20 
4 
= 62 = 9x + 20 + 34 log | x - 24+ Ү2-9х4201-0 
2 3 
b 
| Method 1o integrate ENT. , Where p(x) is a polynomial of degree 2 ar more 
ах * bxc ži хо 
First carry out the division and express it in the form 
pxt 
polynomia 2-7-4 
ах? bxc 
and then integrate. 
Example 6.19 
petit x ced 
Integrate ----- 
x-x 
Solution 
2+х+1 _ ХХ 
x-x x-x 
=1+ Г. 
м —X 
Let у=2-х. 
" Then dy = (x — 1) dx. 


So, we write 2x * 1 in the form 2x — 1 + 2. 


МАТНЕМАТ!С$ 
6 
29 г 
[я 2 
' 2х-1 h 
ШЕ Ч р 2-х Ч == : 
й 263 
-/ ах +/ y xc 
1 
эхэд ly lea f mune 9 
zu 
-ii 
=х+1ор [2-х |+2 log ЁС 
т m 
2 
B 25772 М 
21 9 
=х+ log 2-х |+2 log = +С. 
8 
Summary of the Methods Given in this Section 
"E Form of the integral Method of; reducing to the known forms 
1 Letting y= y. P 
^ cu по у= х 2а > Teduce the 
denominator to the form a (y? + 42) 
і 62) И ЖА, Letting y=x+ Ż— 
2. Vax + bx +e й 2а › Teduce the 
denominator to the form Уа | ХЕ? 
б Lede Express Px*q in the form 
aX * bx c Alax + b) + В | 
petq Ex i | 
” 200605 өз Press px + а in the form 
Na bx c A Qax 5) + В 4 
px) ЭЖЭР | 
4 a а Carry out the division ang express it as | 
where degree of p (x) » 2 а polynomial + -— й д 
a+ by x c 
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Integrate the following functions : 


l. 


21. 


23. 


25. 


27. 


1 
442 


W- +1 


32 + 13x- 10 


1 


Ve (1-2) 


28. 


EXERCISE 6.4 
2 1 
V1 + 42 
ааа 2 
ЧО — у? -1 
И 
(+27 +1 
8. EE 
92-1 
1. —L— 
Va? + 522 
12. 1 
а? — 622 
14. x? 
1-x5 
x=1 
16:0 ат 
18. ах? + bx 
x xc 
х 
20. — 
Vie + а 
22. 1 
4° —4х+3 
24. 1 
х22+4х+7 
26. 1 
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H 1 
———— 30. SS 
V8 + 3x- xi V(x а) (х= Б) 

4х+ 1 32. xt2 
Фё +х-3 42-1 


Soo EL м Lex 
V4 — sinx я Y16 + {ап?х 


29. 


Эі 


35 ee 36. x 
Уг +х+1 №2+1 


87) XL. 38. 2+ 5x+3 
2+1 2 

6.5 Integration through Partial Fractions 

The functions given by algebraic expressions such as 


E E cab) DONE = 
@&-2@+2)’° (+0) 0+3) x-£*x-1 


are called rational functions. Here both the numerator and the denominator are polynomial 
functions. In this section, we give a method of integrating rational functions. For the sake of 


simplicity, we consider only those rational functions whose denominator has degree 2 or 3, or 
occasionally 4. 


We already know how to integraté some simple rational functions such as 
G) polynomial functions (here the denominator is 1) 


Gi) (x-ay › Where n is a positive integer and A is a constant. 


Gb SP d. where a, b à; 
“Желі”, Bere a, b, p, q are constants (See Section 6.4) 


itis 5 hen the Er жаула isa rational function (that may not be of the above simple types), 

listed ы Ч poi я as а sum of simpler rational functions (like the.ones o 
ab ove), by a; : partial fraction decompositi i i i 

be carried out easily ти dnt Lv on онро. After this, the integration can 

For this purpose, we presently 


some examples. explain the method of partial fraction decomposition through 


heel 


гарчиг —— a EP 
meu 


* 


@ 


INDEFINITE INTEGRAL 
299 


The following table gives an idea what kind of partial fractions are to be taken for what kind of 
rational functions. 


S.No, Form of the rational function Form of the partial fraction 
+ 

1. ‚РЕ e А ЕНІН 
(х-а)(х—Ь) х-а x=b 

3 px*q A B 

à (x— a)? (x—a) (х-ар 
ы А8 2 : 

37 Saa. pWherex + ax t b No reduction. Keep it as it is. 
cannot be factorised. 

2 pé*qxtr A ы В 8 
(x—a) (x - b) (x— с) ха х-8 х-с 
where а, b, c are distinct. 

5: pétqxtr a+b ME ден y CELLS 

- х- = 
«-аў(х-®) oe СД 
6. р +дх+г LM LE Dui) С 
(x—ay х-а (х- а). (x— аў 
р?+ах+т А Bx+C 
ГА — LLL — —, where ASA EEE 


@-a)(@+bx+ e) 
32 + bx + c cannot be factorised. 
Note that there are as many constants to be determined as the degree of the denominator is. 


Example 6.20 


Split ЕЕЕ into partial fractions. 
Solution 
x Ex B 
ps 652 xl * x42 _. (6.2) 


We shall now determine (һе constants А and B such that (6.2) holds. This can be done in many 
ways. We indicate three methods here. 
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Method 1 
We rewrite the right side of (6.2) as 


A(e+2)+ Bic 1) 
(e+ 1) @+ 2) 


and then equate the numerators of the two sides (noting that the denominators are already equal). 


A (x+2)+Bee+ 1) =x 


That is E x (A+ В) + (24 + B) = х. --(6.3) 
Equati-z the coefficients of x and constant terms, we get 

А+В=1 

24-8-0, 


Solving these two equations we have А = -l and B = 2, 
Method 2 
We find the values of 4 and B satisfying (6.2) by giving specific values for x. 


When x = 0, it becomes 0 — 4 + E 


ш 


and when x= 1, it becomes = 4, Eon 


Solving these two equations, we get A =—1 and B= 2. 


> 


Method 3 
x : 
A — the value of — —— ‚ When x is —1, 


= Elm. nei 
-1+2 


В = the value of —— , When x is 2, 
х+1 


=2 
ви 7? 


Explanation 


The given Tational function ig ———*———_. i + тт і - 
nction is +06 +2) Omit the factor х + 1. Putx 1 (makingx+ 1 =0) 


in what remains, we get the value ofA. Next, omit the factor x+ 2, putx=-2 (making х+ 2— 0) 
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in what remains, we get the value of B. 


Justification 


In (6.3), if we put x = –1, we have 
А(х%2)%В:0-х. 


АЕ IS 
ZU , where x is 1. 


Similarly В= = i? where x is — 2. 


Thus, substituting the values of 4 and B obtained above, we have 


x 4546,0 
(xt 1) (х +2) x*1 x+2 ` 


Remark 

The equation (6.2) above is an identity, that is a statement true for all (permissible) values of 
Some authors use the symbol = to indicate that the statement is an identity and id 
symbol = to indicate that the statement is an equation, i.e., to indicate that the Е м 
only for certain values of x. In our discussion, we will use the symbol = in both an id is ae 
ап equation. The context will tell in which sense the symbol is used. ое. 


Ехатріе 6.21 


Split X? шю partial fractions. 
e+ 


Solution 


Here the denominator can be factorised as (x + 1) (2—х+ 1). Ithasa linear fac 4 
Y - tor and 
factor, not further reducible. We shall bring the given function to the form AS an 


Е А. ЭВх+ С =. 
+ 1 х+1 x-x*1 - (6.4) 
We rewrite the right side as 


А(2-х%1)%(Вх% C) (х+ 1) 
(«+ 1) 02-х+1) 


and then equate the numerators as 
2=А(2-х+ 1) +(Вх+ С) (х+ 1). 
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7 
Comparing the corresponding coefficients, we get а system of three equations 1 
А+В=1 
-A+B+C=0 
А%С-0. 
: : ТЕР -42 pl 
Solving this, we obtain А = E В= 3" С=- 3" Thus, we have 
24379221 3 2х-1 
20101 3(х+ 1) 307 —x+ 1) 
Remark 
As in Example 6.20, here also there are two other methods to find the values of A, B and С. % 
Method 2 


By putting x= 0 in (6.4), 0 = = C 
1 
By putting x= 1 in (6.4), 5 - == + B+C 1 
1 


: : 4-А 2B+C 
=2in(6.4 = яд : 
By putting x — 2 in (6.4), Ой 3 
These give the system of linear equations 


А+С=0 
А+2В+2С= 
| 
А+28+ С= 4. 
3 
Solving this, we obtain A= L g= 2 СЁ 
3 3 3 
Method 3 
А = ће value of — __ ‚ When x is —1, 
x-x*1 e. 
= 1); 2er 
Ciy-CD-«1 3. { 
But there is no way to find B and C 


in this method, Therefore, we do not : 
in this problem. Tesort to this method 
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Example 6.22 


Write ж 


Е in the form of partial fraction decomposition. 
(к—1/ (+ 1) 


Solution 
Here the denominator is completely factorised into linear factors, but some factors are repeated. 
Therefore, we take the form 


2 A B с р 
Lm + + 
ІН ы! ео Е 


and then proceed as in the previous examples. The right side сап be written as 
(екі) [4 -1?-B(x-D-*C]* Dix- 1» 
(х= 1? (251) 
and so we get the equation ! 


+=[А(х—-1)#+ B(x- 1) t C] i D) + D(x- 1). 
When x = 1, this gives 1 = 2C. 


When x = 0, this gives 0 —4 — B + C— D. 
‚ When x = 2, this gives 4 = 3(4 + B+ C) * D. 
When x = -1, this gives 1 = —8D. 


Solving these four equations, we get 


Therefore, we get 
HE. иб Joi 5 3 -4 1 й 1 
(х1 (+10) 8-І) 4к-1У 20-1 8+1) 


Remark 
There are many methods available for partial fraction decomposition, as seen in Example 6.20. 
In each problem, we use whatever method is convenient. ; 

We can use the method of partial fraction decomposition to integrate rational fnctions. The 
following examples illustrate the procedure: 


Example 6. 23 


с/ж SS ах зы 
rind / — DPGD 
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Solution 


First we split the integrand into partial fractions. We have 


Ёо ЕМ ae 1 
«-І)(е%1) 8x-D 4к-1Р 7 3х-1 8+1) 


(See Example 6.22) 
Therefore, 
Se 1 ах 
OUT ED -1) * 20 "gg х+1 
d AN ЭГ ^41. --2 = 1 рор |х+1|+С 
4x-1 2 (х-1р 8 
ZIP — 
= t » +Ë 
Remark ` AED ВУ 


In the rational expression с ifthe degree of the nui 


the degree of the denominator q (x), then we divide P(x) by q (x) and express 


where r (x) is a polynomial function a a isa rational function, degree of p, (x) being less 
than the degree of q (x). Then we Carry out integration after spliting 210%) 2199) 
4 q(x) 


fractions. The following examples illustrate the procedure : 
Example 6.24 


into partial 


+ 1 
Int 2----- 
Ша ж сс 
Solution 
TRECE нео 
2—5 +6 2-5 +6 
Ri] queo» 0 
(-2)(х-3) 
Let 5х—5 eA THE 


СЭ. бхз. “лот 


merator p (x) is greater than orequalto ^ 
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5x— 
A — the value of 36-3 when xis 2, 


=—5 
В = the value of <3 , when x is 3, 
=10 

feb № SE 10 
Poe nm НЕЕ 


х? +1 


=x- 5 log ee |+ 10 log ТЕ. |+ C. 
Now we consider an example, where a substitution will make the partial 
decomposition easier. ; 


Ехатріе 6.25 


x 
Integrate (251) 0254) 


Solution 
Let y ^ 22. 
Then л ТЭЛЖ БИ E 
(2+1) 02+4) (у+1)(у+4) 
азу ВЯ 
y*1* уға 
у/һеге A = the value of T , when y is- 1, 
2-1 
3 
апа B- the value of 2—7, ‚ when y is — 4, 
ЕС 
: Аі еске. 
Th E =. +> 
us 02+1)02+4 ytl уғ4 
=- Lag sot 


302 +1) 30244) 


ede тЫ 4/ ж 
aut eri 3/ 2+4 


Е 4 А 
-jam xti. 5 tan 2 +С. 


fraction 
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cm 16 -1 2 AX. 
- 3 tan xd tan 2289 
In the above example, the substitution was made only for the partial fraction part and по! for 
the integration part. Now, we consider an example, where the integration involves a combination 
of the substitution method and the partial fraction method. 


Example 6.26 
(3 sin ф— 2) cos д 
ring / 9540-29 cos? ф— 4 sin д det 
Solution 
Let у= ѕіп $. 
Тһеп dy = cos д 42. 
Therefore, 
ү, Grei acsi y бу-у _ 
5- cos? ġ—4sin ó 4 sin д Seay а-у)-4у 
(co? ф= 1 – sin? 9) 
2 Зу-2 
У-4у +4 dy 
3-2. 2 
0-2) 2j 9 
x : = (say) 
Now let ду 5 T +8 5 
(0-2 у-2 (-2 
Тһеп Зу-2=А(у-2)+В. 


Comparing the coefficients we get А = 3 and B 24 = D 


4-3 and 8-4 
Therefore, the required T is given by 


OUEST MS qi 
d i3 6-2) |9 
ба Нарс” 
=3/ 2 Ca 
ELI 
y-2 


-3log|sing-2|- —4 


sin 2-2 i. 


4 
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= 3 10; 2 і 4 
3 = === 
log | sin 2 |+ - G 


(since 2 — sin ¢ is always positive) 


EXERCISE 6.5 
Integrate the following functions: 
=: 2. JEZE aal 
(x 1) (+ 2) REET 
MIN URL 2 “лт ТЯН 
(х= 1) @- 2) @-3) Gai Gn Die) 
5 215 6. Étxtl 
NES) Элс 
=. 8. но 
| «27 2(х+2) 
а 10. ый ы ыра 
? (х= 1)? + 2) (1-х) (132) 
TENE me Тим - 
А (х+ 120+ 3) . (x D (2-4) 
b cus 14. T BAL. 
. 0-1) (х-1)(х-2) 
15 cos x ls 1 
© (1-sinx) Q- sinx) Е 
17 E 18. 2+4 
фы + 16 
19 ax + bx Fe 20. ЕЯ эше, 
quU EES к= 
| x (x-p)-q)6-n 
“у Шу p, а г are distinct 


a, b, c are distinct. 
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ЕГГҮҮРГЭҮЭ Ж е 

21. 6- cos? ф— 4 sin ф 1+ tan? ф 
ОЗЕН Н] 

23. 2—1 


6.6 Integration by Parts 


In this section, we describe one more method of inte 
integrating products of functions. 

The main formula (Formula 6.12 
equivalent forms, and is called the for: 


gration, that is found to be quite useful in 


) of this séction is stated in any one of the following 
mula of integration by parts. 


Formula 6.12 ? 
Juv frau ... (6.5) 
ог 2 (х) dv (х) = и (х) v (х) /v (x) du (x) (6.6) 
or [ue v G0 dx = и (хуу (х) – Ју (х) ш (х) dx .. (6.7) 
Proof 
Consider the product и (x) v (x). By the product rule of differentiation, 
d 
dy ( G) 0) = и Gv ' Q)- v (ху и' Q9. 
Integrating throughout, 
u (x) v (x) = TE (x) и’ (x) dx. 
Therefore, 
едут ив (x) — v (x) u ' (x) dx. 
This proves the formula in the form (6.7). The f 6.5) and (6.6 i i 
with different notations. 22 Lo аза ideas шш. 
Remark 


When 33 +e touse 23 formula бог findingthe integral ofthe product oftwo functi ons, we must 
remember that one of them is taken as и (х) and the other should be expressed in the form у’ (x). 
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Therefore, it is useful to remember the formula in a slightly different form 


jr (x) у (x) de =u ey (x) dx -/ 1 ' Ga v (ж) а |а 68) 


and more often in words as 
Integral of the product of two functions 
= First function x integral of the second function 
— Integral of (the derivative of the first function х integral of the second function) 


To prove (6.8) from (6.7), 
let w (x) 7 v' (х). 


Then у (х) -/» (е) dx 


With this substitution, the formula (6.7) becomes 


jr (ду (х) ах= и оу» (х) ах / fe (х)/ w(x) аја 


This is same as (6.8) except that the function у(х) has been named as w(x). 
The advantage of the form (6.8) (when compared to (6.7) is that the given integrand is taken 


as the product u (x) v (x), as it is. V 


Example 6.27 
Find /' sin x dx. 


Solution 


Here first function — x 


second function — sin x. 
Then, integral of the second function =— cos x. Therefore, by the formula of integration by parts 
xsinxdx-x(-cosx)-/ [l (= cos x)] dx 

=- xcosx + sin x + С. 


Remark 
Another way of writing the same solution is given below: 


x sin x dx =/ x (- cos x) 
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2 
-х(- cos )-/1 ` (= cos x) dx 
(by the formula of integration by parts) à 
= — xcosx + 5їп х + С. 
Тһе difference in the proof is that here we used the formula in t : 
(6.8). he form (6.7) instead of the form 
Note 
The notation dv (x) is consistent with the notation dx because when v (+) — 
и (x) ау (x) is same as и (x) dx. еп у (x)= x, 
Even when the integrand is very simple, and is not а rodi 
5 lu ы 
parts is useful, as seen below: Product the method of integration by 
Example 6.28 % 
Find / log x dx. ! 
Solution 
To start with, we are unable to guess a function whose derivative is 10 
B x. 
We take first function = log x 
second function = 1. 
Then the integral of the second function is х. 
^ fiex: de te k 1 
5х) (х)- а 
=x ЮБх-х+ Ç 
Remark 
When the integrand is a product of two functions anyoneofthem m 
But only a proper choice will make the work simpler, in s ay takenas the | 
өте cases, as seen E t function. 2 


Ехатрїе 6.29 


Integrate хе". 
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Solution 
Take first function = x 
second function = e. 
Integral of the second function = е". 
fea fi е" dx 
= хе —`е* + С. 
Suppose we take on the contrary, 


first function — e* 
second function — x. 


Integral of the second function — = 


ша cu 
f exi е 5 Je 2 4. 


It is not easier to find / e Ед. Therefore, we must choose x as our first function. 


Example 6.30 


x sin! x dx 
м -> 
Solution 


Take 


Find 


first function — x 
sin х 


second function = ————— - 
J-e 


Then integral of the second function is obtained by letting 


угт их 

that dy- -Z 
so tha $ 
3-3 


sin x ECONTRA 
/ 125 dx=/ydy= 2-2 (sin 1х. 
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Now, 


x sin х 1 bc г) РУ > @ 
24-х bo gu xy- 1-2 (sin? x Y ах. 


= amip- [sina vp ae 


We are stuck up because we do not know how to integrate (sin ~! x)? 


easily. Therefore, we try b 
changing the first and second function. Ty by 


Let first function = sin“! x 
д х 
а second function = -. 
PA 1-22 4 
Then integral of the second function is 
x dx 
4-ж ! 
-1-ж 
Now put У : 
Тһеп dy = —2x dx. 
x dx 0.77 ау 
Therefore, 125573 я 
Tc 
wd 
x sin”! x i қ 
5 dx = біп" 24 eM | 
27 Е sin™ x (- 41-53) а т 
=- р — 250 x+x+¢C 
=x- -ø sin x+¢C 
2 
Remark 
iti i he substitution sin -1 y= 
In the above example it is easier to maket on sin! x—y an, 
. In the example given below, integration by parts is mcr А Perform integration ! 
required integral is calculated by solving an equation. More than ong 


e and the 
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Example 6.31 


Fina Je sin x dx. 


Solution 


Let 


Then 


Let 
Then 


and 


Thus we have 


and 
From (6.9) and (6.10). 


Remark 


313 
I= fë sinx ds 
1=/[sinxace) 
-sinx e= fe cosx dx. 
J= fæ cosx e 
l=sinx: e -J 
J=f вх 
озге je Cine) ds 
—cosx-e* «fe sin vd 
—cosx-e* +I. 
I-sinx:e-—J ... (6.9) 
J-cosx:e'*[ (610 


I-sinx:e -cosxee'- 7 
2] - sin x: e&'—- cosx ° e 
= о (sin x = €05 X). 


Д-1. e (inx- cos х) + C. 


Simultarieously, we have calculated that 
J-—cosx:e +1 
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=созх e + le Ginx-cosx) + C 


= Fe Ginx + созх) + С. 


EXERCISE 6.6 
Integrate the functions 1 to 10. 
1. xlogx (j. а 
2. x'logx т 2 single 
ea log. 2x Вап 
4. xcosx ЭЭР СОБ 
Sg. Ішік 10. (sin! x? 


11. We know that x? is the integral of 332. Taking this as (3x) (x), verify that the integration by 
parts gives the same answer. 


12. Taking x? as x? Ł | integrate it by parts. Use this (о ina / ғ log х dx. 
13. Taking sin x as sin x * 1, integrate it by parts. Use this to nd. COS x dx. 


14. Integrate біп x cos x by parts. Ifthe integral is /, you get /= sin? 


х- Г, from this find /. 
your answer by finding / by another method. Check 


15. Find/e? sin x dx. 
16. Find e cos bx dx. 
17. Find Је (sin x + cos x ) dx. 


18. Find зэ? 046. 


6.7 Integrals of Some More Types 


In this section, we use known methods to find the following kinds of integrals 


Integral Substitution 


T а? — 2 ах Substitute x = a sin 9 


e 


* INDEFINITE INTEGRAL 


ү а? + х2 dx 


[era ax 


/ 


(е + q Мах” + bx + c dx 


i dx 
Mace тн 
J athcosx 
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Find / Ха — С dx, Ix [< lal. 


Substitute x = a tan 9 


Substitute x = a sec 9 


Substitute v = px +q for suitable p and q and 
bring, it to one of the above three forms. 


Write px + q = Л (2ax + b) + B. 
Put v = ax? + bx + c. 
Bring it to the form 


А f Ny dy +В Т Мах? + bx + с dx 


Мтйеу-ах + bx + c. 


Write рх+ч= A (2ax * Б) + B. 
Bring it to the form 


dv 


ajo. ui en CAP 
Чу Мах + bxc 


Put г = tan 


4 x 
Express cos x in terms of tan = 


1-2 
cos. X = 
ЕЕ 
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Solution 

Let х=азт 6 
Then dx = a cos 040 
and 


Va = = Va? -asm0 =a ү — sin? 0 = a cos 0. 


ЗЫ Таға de= facos 0: a cos 040 


- 2) cos! Od 0 


,/1+cos2 0 
Sa Tae 16 


% [0+ sin 0cos 0] +С 


2 
a x x 2 
Е= ӘРЕ ТШ Хо 

51 + -= 
2 n a a | 


p 


2 
а” 


аг 


„ух ,х “сэг 
zc S ni Ye = 2 + С. 


Vote: The procedure in the above example needs tobe supplemented by an analysis as in the proof 
of Formula 6.10. 


ЕхатрЁ 6.33 


Find / үа + х2 dx 


Solution 

Put х= |а | tan 0, 0< w 
2 2 

Then 


dx= |a| se 040 


ҮП Уа +2 = Ve азлап 0 = |a sec 0 | 
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Therefore, 


тя dee] la | [5ес 0 |- la |вес?040 


-/ғ I sec? 0140 (6.11) 


= ef sec? 040. 


То find вес\дад we resort to integration by parts taking sec (as the first function and 
sec? Vas the second. 


ГЕ 040 = sec Ütan o- fsec Otan Otan 040 


= sec (tan 0— J sec 0 tan? 040 


= sec Ü tan o/s 0 (вес: 0— 1) 40 


5 ^ 
=sec tan 0 | 40 Vi sec) 40 


” 


= бес(/ tan 0-/ зес040 + log | ёс0 + tan ПЕ C, 


Bringing all the terms involving integrals to the left. 


2/ вес040- sec (лап (7+ log | бес O+ tan 0 


Therefore, 


1 
/ «сд40- Ет [secV tan 0 + log, | ес 0+ tan 0|]+С 


0 


Taking this in (6.1 1) we have 


[Mere i= [secÓ tan 0+ log, |sec0 + tand |] + С 


41 + tan? ” tan 0+ 100 (ап 0+ Л + tan? 01“ С 
ш T 
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“ч 
bass + а? log lx+ У |+ С, 1 


ы |– 


Example 6.34 
Fina / Үс +2y+ 5dx. 


Nolution 


ЕЕ «-/ Met 1р + 4 dx 


, 


(This is of the form / Va? +2 dy, where = x + 1 anda = 2) 


EN. ieu 
-2log|x* 1+ 48 32x«5 | + » Yec2xt54C, 


(as seen in Example 6.33) 


/кхатр!с 0.35 


Find еа, ao 

Solution 

Let х= a sec () 

Then dx = а sec лап 040 

and W- а = Wd secu. = a tan о 
55 / alg dx = fue sec O tan? 040. 

But 


/ sec (лап? 040= tan (sec (/ =) Sec? 0 sec (7 ‹/() 


/ 


(integrating Бу partaking tan (as the first function) 
= sec (tan 0- J see 040 


1 
туу [see Otan 0- log, | sec O+ tan Alltec 
2 М 1 
(as proved in Example 6.33) 
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an / ж - аз dx= = sec Otan 0- log | sec 0+ tan 0 |] + €. 


zs жалар 2 
ш Si, - М 233 —— 3 
2 24/25 ор, Е 2 1 iden 
= 2 
T aem 5 log Їх 4g-g lc. 
К + Je = 2 а 
(Note: log d ae а | can be written as log |x + Vie — а? |- log [а land then — log la | 


may be merged with C to give the constant C. The result can, in fact, be verified for |x |» | la |. 


Ехатріе 6.36 


Find / с = 5) {г + х dx. 


Solution ` 
Let утхжх. 
Then dy 7 (2x * 1) dx. 


We write x — 5 in the form 4 (2x + 1) + В. 
4. 2421 and А+В=-5. 


21 20-11 
Hence, .1 5 and 5 жү 
1 
Thus х- -1(ж%П-2 


1 1 
Геза / LEF | Уг + хах ‹ 


-5/4 dy Vie + хах 
AY 
T up Ve mel] 
“оч e Ne xx dx 
2 
3 
y2. 
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E Lyx- glog x+ T х ||+С 


(See Example 6.35) 
Ехатріе 6.37 


Integrate 2x 
Nx + 3) («+ 1) 
Solution 
Let y—xt3)(xt1)2x* 4x 4 3, 
Then dy — (2x + 4) dx, 
Write the numerator 2x as А (2x + 4) + В. 
Here 2х= Qx * 4)-4 


2 У, ах 
Ха + 3) (x +1) Wy Reta 


=2 үу Экс се 
(х + 2°— 1 
72 Vet dy €3-4log lx iras 


*4x +3 |+С. 
Ехатріе 6.38 


А ах 
Find / ————— ih 
/ ASINI where a and b are positive constants, 
Solution 


Let t= 25 
= (ап. 
2 


Тһеп 24 pus PR 
81557, вес? 5 dy z (l+ P) dx. 
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1-2 


Also cos = (using a formula from trigonometry) 


1+2 
5 -а---/2Ш 1 
a+ b cosx Т 7 Lee 
aap SE 
1+2 


Vp NECI 
a(l + 2) + b(1- P) 


-2/ dt 
(a-b)^*ta*b 


Consider the three cases: 

Case 1 

Leta >b. Then a — b is positive. This integral is of the we / dV (because at+banda-b 
PSU? 


are positive). 


2. The required integral = -2. dt 
a-b gd b 
Tet E 


Case 2 


Leta <b. Then the integral is of the 23 то $ 
су. 
ғаз 2 dt 
The required integral = p a / bta p 
b-a 1 БЭЛЭН 7 
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1 1 Vh+a +1 \№-а 
"rap 95 
b- а? У+а -t Nb-a 


УБ ал Nb-a tan $ 


1 
= FS løg · mE 
УР? — а? (b+ a)-(b— а) ап № 1 
5 


("ase 3 


Leta = Б. Then the required integral is 


2/ LN NETS 
atx a 


EXERCISE 6.7 


Integrate the following functions: 


1. 44-х NETT E 
S Eis У Т Р 
9 
5. Ng 3x Е 
T. ҮСТІ Гг 
9. х der 2-28 T] 
Хх + 1)(х—2) 
2x-] © 
pA Жы ЛЭЙА тон 
M. Ух + 1) (x -2) 12. SS 
X2 
а BUE T 1 
13: 14 2cos 0 СЕ, 
5 eS 1 
15 1-2580 16. 


4с 0—1 


Jormula. From this reduction formula we ge 
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! 1 
12 + 12 сов 0 18: унах ВВ 


6.8 Integration by Successive Reduction 


Sometimes when we are integrating a function by parts, we get another integral similar in form 
to the one we started with. This can again be integrated by parts leading to yet another integral 
ofthe same form. By successively doing so, we may endup in aneasily integrable function, finally 
leading to the result that we seek. In this section, we see, through examples, how this ims is 
useful in finding the integrals of some important functions. 


Reduction formula for / x" e dx 


For each positive integer т, let 


% -/е е“ dx. 


Now we want to find /,. Integrating by parts, taking the first function as x" and the second 


function as е“, we have 
(ee ах 
[== Ё em dx =x" — -/« n-1 dy 
a a 


1 
ак 7 
а дол 


ү This relation between I, and/, ,iscalledareduction 


This givesa relation between / and 158 
t, by replacing т by (я — 1). 


In the same way, we can get /, _>» Ta one 
(Formula 6.1 3) 


Formula 6.13 
1 п 
= рах Lc 22 
ІІ, Је dx then 1,- g ° Tha 


Ixample 6.39 


Using the reduction formula 6.13 find у x? e” dx. 
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Solution 


"siet 3, е +С 
(since / = /еч dx = e 


e” 


qug» - 3e O 


Reduction formula for Л x^ sin x ах 


= fn ан? 
1,= [x sins de 


= Coa) - [ne (= cosx) de 


Let for each positive integer m, 


Now, 


(integrating by parts) 


== cos x+n Је cos xar 


=—х” cosx+n 0те fo- Ix"? sin x dx] 
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= у" cosx + их" sinx—-n(n— p [sin a 


=-x"cosxtnx’~'sinx-n(n—1)/,_,- 


Thus, we have the reduction formula (Formula 6.14). 


Formula 6.14 


If 7, -/ х" sin x dx, then 
1. =—х" cos x + их" 7 п x —n(n— 1, 55: 


Ixample 6.40 
Integrate х5 sin x, using the reduction formula 6.14 derived above. 


Solution 


Now, putting л = 5 in the reduction formula 6.14 we have 
[,=—x° cos x + 5x' sin x — 20/,, 

where /, is given by the same formula as Р 
ШЕ -y cos x + 3x* sin x — б/, 


where 
1= х sin x dx 
=x (— cos х) -fe cos x) dx 


=—х cos x + sin x + С. 


Thus 
25 х5 cos x + 5x! sin x 
—20[- x cos x + 3x2 sin x — 6 (—x cos x + sin x)] + С 
-совх|(- х5 + 203 — 120x) + sin х. (5x! - 60x? + 120) + С. 
Remark 
You may wonder whythe integral оёх” sin x should have so many terms. Youare advisedto verify 


that the derivative of this long expression is actually х sin x. 


: nme int pn j 22 К | 
Reduction formula for р =н А x ах, where т and п are natural numbers 


u (х) = cos"! x 


Let Ё 
у (х) sin? x cos x. 


and 
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? 
inm*! 9 
Тһеп jh О) ах= Sin x 
т+ 1 
Therefore, integration by parts gives 
mk іп ті 
ГО toast. Sin з 3 ыз эзш: . Sin x 
MM. ат (1 — 1) cos" -2х (— sin x) ULIS dx 
> | ,-1 5 +1 2 Ч 2 «| 
ЖИЕ cos" "x. sin™t! y+ (n— 1)/ cos" -?x - sin^*? x dx 
= 1 n-1 ін ті 5 7 
7m] eos Ix: sin хэ (п = 1)/ cos "x sin" x. (1 — cos»x)dy A 
= [cos" -'x * sin "*' x c (n— 1) 4 —1_ у a 
= ET 


n-1 1 ' 
Ыы л и [соз к біп" + (и 1) 7 


та-21. 


ОИ) = coste» sip"! y + (и 1 ав 


n m 


Thus, we have the reduction formula (Formula 6.15). 


Formula 6.15 


Nig -/ше X COS" x dx, then 


(m +n) „= cos"! x sint х+ (п Dy. 


1-2: 


Example 6.41 


Find / sin x: cos? x dx. 
Solution a 
Let us first use the reduction formula 6.15 to integrate 


TR DIES 
tay / ча x: cos? x dx. 


8/,, = cos? x - sinf y + gn. 


INDEFINITE INTEGRAL 327 


cos?x:sin$x + ш * cos x dx. 


соѕ2 х · sinf x + 2/sin’s d (sin x) 


1110 
cos? х sint x + 2 йг: EIN 


ee 
sin’ x ҮЭ 

3 1 
cos? х: 5іпех ях 


т Кетсен + 54 + СЄ 


= cos? х: МХ 


Remark 


This example can be solved easily without the use of reduction formula, as shown below: 


у= пух 


Put 
dv 7 cos x dx 


Then 


A sin? x : cos? x dx =) sin? x- ( 1 — sin? x) - cos x dx 


А 


-Jr (1= 12) dy 


In certain cases, substitutions like the one above work, but notin ай cases. For example, to evaluate 


Js ly» cos? x dx try the substitution y = sin x. It will fail. We use the reduction formula in 


such cases. 


Ехатріе 6.4 2 


Find ГАТ №: cos? x dx. 
f 


Solution 


id= "n x- cos? x dx. Then substituting for т and п in the reduction formula, we have 
CU 047 ; ; 
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= ӨНӨ 
61,5 cos x - sin? x + I, 

—cosx- sin? x + Ѓам x dx. 
Now, ѕіп x can be integrated in two ways. 


First Method 


n x dx = [sin x + d(— cos x) 


= sin? х. (— cos x) EU cos х) · 3 sin? x + cos x dx 


= sin? x . cos x + JET 


е 2x dx 


(1 — cos 4x )dx 


= Sin? x + cos x + 


= Sin? x - cos x + 


523 


-- en? 
sin” x + cos x + 


соз сооро dU 


— 


_ Sn4x \ е 
зы) 


EE 3 i 
sin’ x-cos y+ 7X 3sindx (р 


32 
Second Method 


Jansa f (Ics 


2 


1 
"n [1 - 2 cos 2х + cos? 2x | dx 


351 
Сл bese), 


=1 |3 _ į 1 
4\2 п 


; ise in trigonometry to prove that th 
(Itis an exercise in ese two answers are the 
same). Thus, we h 
7 ауе 


9 
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- : Л 58 1 
6/,,—cosx- sin? х + Ч 2 Кете 


ju ; E 
Las cos x · sin? x + | ама 1 ви с 


EXERCISE 6.8 


Integrate the following functions (1 to 10): 


пы 2: me 

Bie ee 4. хол 

Зи? COS 6. x? cos x 

МІ соох 8. x! cos 2x 
9, (x-1Ye 10. (х-1) е2 


11. Finda reduction formula for f сое хах. 
Find a reduction formula for [si x ах. 
13. Find Гат x cos! x dx. 
14. Find Jam x cos? x dx. 


15 Find / sin’ x cos! x dx. 
16. Find ! sin? x cos x dx. 


17. rina [sin x cos!” x dx. 


" 


ТӨЛЕ te oe / sin" x - cos" x dx, prove the reduction formula 


(m+ nM, = -sin" "x cos eG ДОГ 2, 
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MISCELLANEOUS EXERCISE ON CHAPTER 6 


Integrate the following functions: 


I5 sini 2х 24 tan! x 
3. tanx 4. cot? x 
5 Ў 6 1 
392057,5 4 3 cos x+ 4 sin х 
i Етегі 8. x 
5 Мх-1 
9 Se 10 Yr x 
3 1-2 
(х= 1)? 
11. sinx 12 1 
sin 4х ЕЕЕ 
асе re 
13 Е (х= 002 +4 
cos x 16 5x 
15. siny "o t Do? 9) 
ПТА l 18. sin? x 
xlogx Ж 
19 sin x 20. cot x 
sin (x — «) 
21 ET 2 22 2+ іп 2х e 
Be eae 2 1+ cos 2х 
1 > 
DAE SARENA 24. „иче |. 
x! a d (e+ 1 e 2) 
25. LE 26 A Los 
(+ D4g-1 ‘ Sin x + sin 2x 
1 
а И 
sin x (3 + 2 cos x) 28. x 


1+ sin x 


29. 


35. 


37. 


39. 


41. 


43. 


[^ 
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= 
х'+1 


1 
L CN 


3 + 2 sin x + cos x 


1 
pee 
log, (log x) (юр х) 
x? sin (бап! x?) 


ГЕ» 


1 


Үсіп? x sin (x + о) 


Próle / 3(x + Deto xy i= Clore) 


30. 


32. 


34. 


36. 


38. 


40. 
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ез сіп x 


TBS 
tani = | 
2 3) JE 
Хх-о)(х- В) 
sin! yy = cos! Xx 
sin yy + cos! Vy 

uo 

1+ ү; 

1 


х [6 (log x? + 7 log x + 2] 


(ems + Yeot x | 


СНАРТЕК 7 


Definite Integral 


In the previous chapter we have defined the indefinite integral as an anti-derivative. We have 
studied various methods for finding this anti-derivative. 

In this chapter we shall study what is called the definite integral of a function. We shall see 
that these two notions, namely anti-derivative (or indefinite integral) and definite integral of a 
function are closely related. 


7.1 Definite Integral as a Limit of Sum 

Let us consider the problem of finding the areas of bounded regions. We already know some 
formulas for finding, the areas of regions bounded by triangles, rectangles, trapeziums, circles, 
etc. These are the regions bounded by very familiar curves like line segments, circles, etc. 
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We ask: Is there a way to find the areas of regions whose boundary is not familiar ? Suppose 
we know the equations of the boundary curves of the region (Fig. 7.1). Can we find the area of 
this region ? If so, how ? 

Asa first step in this direction, let us restrict our attention to finding the areas of such regions 
where the boundary which is not familiar to us is on only one side as in Fig, 7.2. This is because 
we expect that it is possible to divide any region into a few subregions of this kind, find the areas 
of these subregions and finally add up all these areas to get the area of the whole region (See Fig. 7.1). 


>X 
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Therefore, the problem of finding the area of a region may be posed as under: 
Problem 


Let f (x) Бе а continuous function on a closed interval [a, 5]. For the present, assume that all the 
values taken by the function are non-negative, so that the graph of the function is a curve above 
the x-axis (See Fig. 7.3). Consider the region between this curve, the x-axis and the ordinates x — a 
and x=, i.e. the shaded region in Fig. 7.3. Nowthe problem isto find the area of this shaded region. 

In order to get an idea to solve this problem we consider three special cases of f (x) (See Fig, 7.4). 


In Fig. 7.4 (i), f (x) =2 on [1, 2]. 
In Fig. 7.4 (ii), f (x) = x on [0, 1]. 
In Fig, 7.4 (iii), f (x) = 2x + 1 on [0, 2]. 
We know the formulas for finding the areas of the shade. 
In Fig. 7.4 (i), area of the rectangular region 
= base х height (А). 
Іп Fig. 7.4 (ii), area of the triangular region 
= 5 х base х height (р) 
In Fig. 7.4 (iii), area of the trapezoidal region 


d regions in Fig. 7.4. 


2 * base x sum of thet i 
5 е two extreme heights Qr, hy). 


[Note that this is same as І х sum of the lengths of the parallel lines х distance between them.] | 


From these formulas, we observe the following common feature in these three case 
S. 


Area of the region = base х average height of the region 

In this case of rectangular region, there is no variation in height and So the average hi ight is А 

In the case of triangular region, the height varies unifi кы 

Баас ӨВ Ял, niformaly from 0 to jj and so the average 
eight E ie. 2* 
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In the case of trapezoidal region, the height varies uniformly from л to A, and so the average 


: : ht h, 

height is 

From the three special cases of f (x) considered above, we formulate the following rule for 
any function f (x) оп (а, b]: 

Area of the bounded region (shaded region т Fig. 7.3) 
= base ~ average height 

The base is the length of the domain interval [a, 5]. 
The height at any point x is the value of f (x) at that point. 

Therefore, the average height is the average of the values taken by f in [a, 6]. (This may 
not be so easy to find because the height may not vary uniformly.) 

Our problem now is to find the average value of f in (а, ^]. 


Average Value of a Function т an Interval 
If there are only finite number of values of f in [a, ^], we can easily get the average value by the 


following formula: - Sum of the values of f in (а, b 
Average value of f in [a, b] = NUES P жиг [a.b] 


But in our problem (Fig. 7.3), there are infinite number of values taken by f in (а, ^]. Howto find 
the average in such a case? The above formula does not help us, so we resort to estimate the average 


value of f in the following way: 


First [estimate 
Take the value of f at a only. The value is f (а). We take this value, namely f (a), as a rough 
estimate of the average value of f in [a, ^]. 


y Average value of f in [a, ^] (first estimate) — f (a) 2-(7.1) 

1 
1 
| | 
1 1 
1 | | 
І | | 
І І | 
І | 1 
| 2, | 
21 Эр 1 
51 ж! І 
= | | 
1 | 1 
| ) І 

LE 23 1 >x Fig. 7.5 
о а ath b 
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Second [stimate 


Divide [a, 5] into two equal parts or subintervals. Let the length of each subinterval be Л. 

So h- E 

Take the values of f at the left and points of the two sub-intervals. The values are f (a) and 

f (a + h) (Fig. 7.5). Take the average of these two values as the average value of f in [a, ^] 

Average value of f in Га, Б] (second estimate) сар 

Ја) + f (a * 1) b-a 
Ч 2 АР s „А ел 

This second estimate is expected to be a better estimate than the first. 


Third Estimate 


ivide Га, b] into three equal sub-intervals of length Л (Fig, 25а 
Divide Га, 5] | 4 s of length л (Fig. 7.6). So, h= 3 - Take the values 
of f at the left end points of these three sub-intervals. The values are 


f (a). f (a 
Take the average of these three three values as the average of f in І f (a h), f (a+ 2h). 


a, b]. 
y 
^ 
| i 
i ! i 
| | 
[ 
ende! | 
1 1 | 1 
1 17:254 | 
D 2: а! | 
(бет, І 
=! 331 al 1 
= к ёо ҮСХ! | 
1 | | | 
1 | 1 | 
| | | і 
i І 
шэн оны 
[9] a ath a+2h 1-->х 


Fig. 7.6 
Average value of f in [a, 5] (third estimate) 


= [9+ flath) flath) 
3 ! 


This third estimate is expected to be a still better estimate th 3 4. (9:3) 
an the previo; 
S Ones. 
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nth Estimate 
Let п be any natural number. Divide the interval (а, b] into и equal sub-intervals of length / (Fig. 


b-a 
727); 50, dts Take the values of f at the left end points of the и sub-intervals. The values 
are f (а), f (a+h),... f(a*n-l h). Take the average of these и values as the average values 
of f [a, b]. : 


Average value of f in (а, b] (nth estimate) 


f(a)* f (a* h)* f (a * 2h) +... + f (a* n — 1h) b-a 
S Я a= y SEE) 


For larger values ofn, (7.4) is expected to be a better estimate of what we seek as the average value 
of f in [a,b]. у 


^ 
— | 
1 i 1 
1 
| | 1 ! 
11 1 
1 1 | 1 
WR LE 
ye dr at m 
Гена?! =: 1 
1 шин! 
AR 7: 1 
жіжізі| ар 1 
СЕ 227228) 
Жоу ж 
] ! р 
| 4-1 аыл 2 Резе 
атэ ИЛЖ 
3 SACRI i (naidh: b Fig. 7.7 
s t 
Thus, we get the following sequence of estimates for the average value of f іп (а, b]: 
Га) 
L gras f ea DI һ= 28 
L gros f (a+ h+ ахан, n= 52а 
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[f (a) + f (а+ һу+...+ f (a* n - №), yo eee. 
As we go farther and farther along this sequence, we are going closer and closer to our destination, 
namely, the average value taken by f in (а, b]. Therefore, it is reasonable to take that the limit 
of these estimates is the average value taken by f in [a, b]. In other words: 


Average value of f in [a, 6] 


6.1 PT 
= Шил, [f (a) + f (a h) + f (a* 2h) +... + f (a n— 1h), j= ра 
п — 00 


525(1-5) 
It сап be proved that this limit exists for ай continuous functions f on a closed interval [a, ^] 
Definite Integral 


Now, we have the formula for the area of the shaded re. ion of Fi i 
the average height (value) is given by (7.5). Thus, E рая сога 


Area of the region bounded by the curve f(x), x -axis, the ordinates x = a and x= p 


; 1 
—(b— a): lin =. 
( i CN [f а) + f (a * h)* f (a 2h). f atn 100, 


h= б-а 
п 


S (A 


We take the expression on R.H.S. of (7.6) as the definiti : 
й : t i : 
Ено бу, ition ofa definite integral, This definite 


b 
f (x) dx 


read as: ‘integral of f (x) from a to b`. 


Definition 


b 
/ fœ) dx= (b-a) lim ШК ДҮ: = 
| n5 och! SOFRE. e foeni 


һ-Фта 


В) 

Why do we bring іп the term ‘inte 
the integral that we studied in Chapter 
in the next section. 


gral” here? There is. 
Э : a reason. This i 
6. x d is is 
This relation is Not obvious now. It eee. $i 
“ІШ be discovere 
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Remark 


In obtaining the estimates of the average values of f in [a, 5], we have taken the left end points 
ofthe sub-intervals. Why left end points ? Why not right end points of the sub-intervals ? We 
can as well take the right end points of the subintervals throughout and we get 


b 
i f(x)dx= lim h [f (a * h) + f (a* 21) +... + f (D) ]. 
Е no 1 


h= 0-4 


... (7.8) 


It is true that (7.7) and (7.8) give the same limit. The proof is beyond the scope of this book. 


Definite Integral through Areas of Rectangles 


The above definition ofthe definite integral (7.7) can be explained in another way also. We rewrite 
(7.7) as 


y Tods lim [hf (a) * hf (a h)* +В] (a n- 91, 
no 
Hz Bu 


241(7:9) 


t is the area of the rectangle marked ав | in Figure 7.8 (because л 


Here the first term is Af (a). I cta 
of this rectangle). Similarly the second term ^f (a + ^) is the area 


and f(a) are the adjacent sides 
of the rectangle marked as 2 in the figure. 
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Thus, hf (а)+ hf (а+ Ау+...+ hf (a п 11) 15 the sum ofthe areas of these n — 1 rectangles 
marked in Fig. 7.8. The union of these rectangles is approximately the Tegion between the curve 
andthex-axis. When is larger, the number of rectangles is more, and theapproximation is closer. 


2 b 
Therefore, when we take the limit as л — со, we obtain that fio dxasi ; 
v 4 as 
the region bounded by the four curves а PAN IE HIS ага ог 


x 
and х= 


What will happen if we take the right end points instead of the left? Th 
same area as the limit of areas of unions of some other rectan : en also, we get the 


i р ; gles (See Fig, 7.9 : : 
that f (x) dx as in (7.8) is the area of the same region. Bu explains 


a 


Fig. 7.9 


Example 7.1 


Find dx as the limit of sums. 
1 
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"Solution 
By definition, 
3 1 
/ fœ) dx= (b-a) lim SU Yt f (a D o flatn— 1h) 1, 
є no 
b-a 
h= 
n 
h-a 1 
In this example a = 1, b = 2, f(x) 7 x and Е zx: 
if 2 1 Г. ! n-1 V 
/ xdx- lim уб ДЕ врт 
1 п п 
ncn |. 
1 2 Е 
“У олс БЕРЕДІ 
п п п n 
naan 15 
= 
2 ж. 
= lim 1 TID 798 2 
"n | —— n n n 
5:79 | ntimes zl 
; 1 1 а ar 
= lim — {rt vrac сэл?) 
noon 
= 
T 1 1 wn | 
= lim nt X Gun 
nan № ^ 4] 
3 Зп = 1 
S E 
5 
non 4 
? Б 1 
= lim = 25 
no Pee 


тәш 
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Remark 


As you can see f^ dx is the area of the shaded trapezoidal region in Fig. 7.10, We сан find this 
S уң 
1 


1 «3 
area by using the formula also. We get the area as 202 ТІ) @ +2) ще =. Thus, the answer 
we got is verified. 


Fig. 7.10 


Ехатріе 7.2 


Find / “(e+ 1) dx as the limit of sums, 
LU 
Nolution 


By definition 


h 
TION SONA lim Та уаз нуж. 


ЕЛ (a* п ih), 
п ә с Бірі 
h= — 
n 
In this example, a =0,Ь =2, f (x)= 424 = A 


n 


n 
Am ЕМВ 2 4 2-2 
[ev 2 lim 5 pos) rte). n 
n ә co 


a 
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Observe that / ЕС 
0 


343 


eve А 
-2lim 1. p+ (теа) (5 ее 0] 
п 


п ә %0 


п 


3 1 1 
=2 lim ғ (ЕД арта шаг 1 


п ә 00 2 
— A шев 


f 
=2 lim -— pt pus 2234... (n—- J 
noon Е 


1 [3 (т-1)л(2л—1 
=2 lim ESAE] Lu | 


п п? 
no 


5m 1 30 (п = 1) (2л – >| 
n | 3 п 
noo ч 


= 1) (29-1 
=2 lim [ 5” x Л 1 
п-›о= * 
5 
=2 lim [ 3p 6-5) 


n>n 


win 
| 


у? + 1) ах is the area of the shaded region in Fig. 7.11. 
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>< 


Fig. 7.11 
Example 7.3 
fy 
Evaluate / e dx. 
0 
Solution 
By definition 
отит "I 
n 7 3 m n 27403 Hel du ет 
no 
m E 
- n - 
=2 Їйй ШЕ 1 
п калык. 
п ә 00 i 
[ORIS 


(using the formula for sum to 7 terms ofa Beometric p 
Togression) 


=2 lim с: =1 


n> on 2 


те" -1) e (7.10) 


To find this limit, we write down the series for о" - 


2 


2 2 2 
pe en dua ЕСЕН ЕРІ 
n 2\n ЗЇ 55 | 5015 


п 
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п (е? 


! 
| 
to 
228 
xj- 
---- 


when л => о, 


ЕЗБЕ 


[A rigorous proof is not given Неге. ) 


2 
lim n(e" – 1) =2. 
п ә 0 
Substituting this in (7.10), we have 
с e-l 
lim e*dx-72-* 
п -> o 
=ф?— | 


Remark 


The above three examples are meant to illustrate the 
to calculate the definite integrals. These will be stu 


ШЕ 


there is less variety of integrands іп this section. 


Vole 


(1) Inthe expression / 


theory. Тһегеаге, however. simpler methods 
died in the later sections. This explains why 


f(x) dx, a and ^ are called the /тих of integration, f(x) is called the 


fa . : 
integrand and x is called the variable of integration 


should be noted in that case. 


Our definition makes sense even when f(x) takes negative values. The following points 


(i) Some part of the region may come below the x-axis 


(ii) The area given by / 


23 


fh 
fix) dx is now а signed area. in the following sense 


The area of the portion below the x-axis is given a negative sign. For instance consider 


-h : 
Л, f(x) dx (See Fig. 7.12). 
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о 


5 
2 


| 
P (1.1) 
Uit 
B 1/ 
З — — x 
VAI N 
л 
О (-1.-1) 
A 
Fig. 7.12 
D 


As you can see. the areas of the regions 0.1? and ОВО are equal. But, since the region ОЗО lies 


A i 1 
below the x-axis, we take its area as — 5, whereas we take the area of the region 02:17 as + 1 Тїшє 
“3 t 2 5 


1 
f (х) dx = algebraic sum of th 
у е areas of the г 


ШІ 


ЕХЕКСІ5Е 7.1 | 


egions 


| 
|. Sketch the regions represented by the following definite integrals: | 


z ; | 
(а) 7 хх (b) if +3) dy 

2 n 
(с) / х ах (d) f sin x dy 


‚т 


(е) ү cos x dx 
0 


Evaluate the following definite integrals as limit of sums: | 


5 5: 
(а) ү CF Da e Гера + 
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1 IB 

(с) / (Qc = х) dx (d) js e dx 

a 1 -1 
d Compute the following in two methods and verify that you get the same answers. The first 

method is by using the definition ofthe direct integral. The second method is by calculating, 

the area enclosed by the trapezium by the known formula. 

(а) / (2x + 3) dx (b) / 3x dx 

л ГА 
(с) A (2-х) dx (d) / (11х + 1) dx 
А 1 
72 Fundamental Theorem of Calculus 
1 
Area Function 
fh 

2 We һауе defined / f(x) ах as the area of the region bounded Бу the curve f (x), the x-axis and 


the ordinates х = а, and x = ^. Let x be a point in (а, 4]. Then, D f(x) dx represents the area 
of the shaded region in Fig. 7.13. w 


Fig. 7.13 


348 MATHEMATICS 


Theareaofthis shaded region depends on the value of x. In other words the area of this shaded 
region is a function of x. Let us denote this function of x byl (x). We call the function 4 (x) as 
area function. 


A(x) ni f GO d 2041) 


We will now show that this area function. | (x) isan 


anti-derivative of f(x), i.e., we will show that 
A! (x)= f(x) 


Theorem 7.1 (First lF'undamental Theorem of Calculus) 


Let the area function be defined by 


A (x) 3 Дх) dx for all x > а 


Then A' (x) = foo. 


Proof! 


You will learn the full proofofthis theorem in hi 
a needed result. 


gher classes. Presently wegivea proof, assuming 
х+ Ах 
Ст A (x+ Ax) 3 f(x) dx. 


A (x)= 2 foo de 


^r fx 
A (x + Ах) - A (х) =f Дх) ах od Ха) dx 


^x Ay 
E / 700) ах, if Ay ig Positive 


[This is evident from Fig. 7.13. This 
Section 7.4.] 
Therefore, when Ax is positive, 


additive Property of definite integrals Will be 
discussed in 


х+ Ах 
Л о+ Ах) -Aw ) (дах 
Poesia алас 
Area 
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— Average value of f(x) in the interval Do x + Ax] 


.. (7.12) 
Similarly, even when Ax is negative, one can prove that (7.11) holds. 
Now, we assume without proof, the following result: 
If f is a continuous function, then 
lim (Average value of f (x) between x and x + Ах) = f (x) 
Ax —0 
.. (7.13) 


It follows from (7.12) and (7.13) that 
А (x + Ax)-4A 
jin «зуд 
Ax 0 Ах 
Іп other words, l (x) = f(x). 


Theorem 7.2 (Second Fundamental Theorem of Calculus) 


Let /4х) be an anti-derivative of f(x). Then 
b 
[10 dx = I" (b) — F (a). 


Proof 


Let 4 (x) = 7 f(x) dx be the area function. We have seen in Theorem 7.1 that 4 (x) is an anti- 


derivative of f(x), i.e. 


A (x) = f(x) (7.14) 
Given F (x) is an anti-derivative of f(x). 
F' (x)= f(x) е (7.15) 


A'(x)- F' (x) =0 
or in other words derivative of [ (х) ~ F (x)] is the zero function. By Theorem 6.1, 4 (x) — F(x) 
is a constant function, С. 
A (x)- F(x) = С 
іе AQ)=FR)+C “л 
When x = a, (7.16) gives 
A (a) - F(a)* С X 
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When x = 6, (7.16) gives 
A(B)-F(b)*C 
From (7.17) and (7.18), we get 


“(9-4 а)-Ғ(6)- F (a) .. (7.19) 
2 b : 
А (ау= | f(x) ах = 0 and А (b) = / f(x) dx (Ву definition of area function). 


Substituting these values in (7.19), we have 
b 
[100 dx =I" (b) – F (a). 


Remark 


This theorem is very useful, because it gives us a method of calculatin 
the area) more easily, without calculating the limit of sums. This 
examples below. 


g the definite integral (or 
is illustrated through the 


Notation 


For convenience F (5) — F (a) is denoted by F ep ‚ 30 that 


b 
/ f(x) de = F (x) 


where F (x) is an anti-derivative of f (x). 


b 
а 


b 
Steps for calculating y f (x) dx 


(i) Find the indefinite integral / f(x) dx. Let this be F (x), There is по им 
- о keep th 
constant С. BRE 


b 
(ii) Then take Fool . This is (b) – F (a) and is the value of к dx 


Example 7.4 


2 
Evaluate / хах. 
1 
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Solution 


Remark 


We solved this very example by takin; imi 
ig the limit of sums (Зее E j 
° process has become due to the application of the Fundamental ТИ = 
us. 


Example 7.5 


Evaluate gd ris afi iti 
À х2 dx, where r is a fixed positive nuitiber. Hence, prove tliat the area of a circle 


of radius r is 7 7°. -- 


Solution 


We know that 
[= de= E Woe 5 aga = 
П 


(You тау work it out.) 


x 2 4 

T а(н 5 sm =] 
й E. 
2 


Let us sketch the curve f(x) =y =\P 32 
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г 
P 
| 
Fig. 7.14 т 
у= P —;2 isequivalentto? —72— x. i е, у2+ у= "^, which isa circle with centre attheorigin " | 
: 2 | 
and radius r. Therefore, / NP — ? dx represents the area bounded by the circle x2 + V=P, the | 
x-axis, the ordinate x= 0 and the ordinate х= i.e. it represents the are. ioni , | 
Le. a | 
quadrant as shown in Fig, 7.14. ofthe region in the first | 
Hence, 
the area of the circular region of radius = gee | 
= лю. 
Ехатріе 7.6 
2 
Evaluate у pond dx. 
о х44 
Solution 
First we find the indefinite integral. 
Sx+1 5 i 5x 1 
he = 
өзе ge ef хурж : 
$ 
zd (2 + 4) 
facie Sel 1 $ 


Tj Si 
2-4 2+4 4 
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1 
log (2? + 4) + > tan"! 


Nik 
Nik 
==? 
|= эд, 
5 m 


Р 18 Set) p= 
о +4 


2 
2 
= (Е ute n 
RIISE „ал WS 
© 
2 


1 
log4+ 5 шә) 


rin 


PAD | (3. (лар 
50228808 1 2, 8 m 


Ехатріе 7.7 


1 Жол 
Calculate / (xe* + sin zn ) dx. 


41 


Solution 


First we find the indefinite integral of the integrand (е + біп E | It is /, + /,, 


where 
го сс 
Л -fre dx and /, = [sn Te ах. 
Now xe fi еч ах (integrating by parts) 
=(x-1) е" 
and H= (- cos Ene 
м 4 т 


1 
si ах= | ( 1) 2 -- 
tal — (= Х- e- — cos 
xe sin 2 Ix 3 1 | 
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п 


+ 0 4 
= 2 2 x ^m Не. ІСОБО 
-(1-1)с E соз С De E i 


4 1 4 
244 2208-1457 
т 2) PO. 
4 245 
=f Z 
п п 


We have now studied both the indefinite inte. 
part of this chapter we said the definite integral 


you have seen how the twoare related. Before 
two closely related concepts. 


d. 


gral and the definite integral. Inthe introductory 
is closely related to the indefinite integral. Now 
weend this section. let us havean overview of these 


The indefinite integral of a function is another function. The defi 


nite integral ofa function 
over an interval is a number. The number varies when the inte 


rval varies, 


> 


The indefinite integral. / f(x) dx ofa function f (x) is not unique. Itc. 


ап vary by a constant, 
Р fh " . 
The definite integral y f(x) dx isa unique number. 
2 


The variable сап be denoted by any letter. So it is immateri 


al whether we write 


” ^ jl 
/ fix) dx, 21 fw) ау yi f) di, ete. 
АН these symbols denote the same quantity. 


The definite integral / f(x) dx is obtainable from indefinite integra] je 
formula ds 


(0) of f(x) by the 
d 
/ Уо) d = Hb) — 1: (ay, 


If we know the definite integrals 


h 
Уо) ах for all 5 > а санч: 
` obtain in ite int 
of f(x) from them ? Yes. й Ы definite integral 


7 
А «= | F(x) dx for ali 1 >а 
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becomes an indefinite integral of f(x). 


6. In practical problems, the definite integral occurs more often and the indefinite integral is 
a tool to find the definite integral. 


Relative Merits of the Two Methods 


We have thus seen two methods of evaluating definite integrals. The first is the method of limits 
of sums, studied in Section 7.11. The second is the method using the fundamental theorem, 


studied in this section. We note the following: 


(1) The first method is closer to the geometric meaning. It explains why the definite integral 
represents the area. 


(2) The second method has the following advantages: 


H 
(2a) Itiseasier. For instance in Examples 7.1 and 7.4, we evaluated / x dx by these 


0 
two methods. We noticed that the second method is simpler than the first. 


(2b) There are instances where the first method does not work at all, whereas the second 


1 
method gives the answer. For instance / хе" dx can be found only by the second 
0 


method. 

(2c) There are instances where the first method requires some new formulas Whereas 
the second method gives the answer immediately. For instance, to find "i "sin x dx 
by the first method, we need a special formula for the sum : 

1 + sin x+ sin 2x +... + sin (n — 1) x. 


(3) Both the methods give the same answers. 
(4) The equivalence of the two methods can be used to evaluate certain limits, using the second 


method. 


Remark 


Though a definite integral was evaluated using the knowledge of the corresponding indefinite 
i " £i b 
integral (or anti-derivative) à satisfactory theory requires that the definite integral / дах 
is first defined and the indefinite integral is defined as a function F whereas F (x) = / y FO dt, 
а 
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а < х < b. In fact the formula (Formula 6.1) dX ogl x | cannot be used to see whether we 


1 x 
can have the definite integral ji (bee (See p. 269) 
SIN 


EXERCISE 7.2 


Evaluate the following definite integrals (1 to 22) in a single step directly: 


n 
2 А 
1. Т) cos x dx 2. / COS x ах 
0 0 
x 
2 
3 it cos 2x dx 4. / sin 2x ах 
0 0 
n ш 
ee 2 
5. sin x dx 6. (sin x + cos x) ах 
0 0 
л 
ы 5 
7. / sin x dx 8. / e dx 
0 4 
5 5 
9. ү! 1 dx 10. / 2 de 
4 4 


1 
3 
13. 2 (x + 1)ах 14. Pha 
* аз se 
15. (4x? — 5x? + 6x + 9) dx 
/ 16. ! tan x dy 
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n 
Т 
19. 2 cosec x dx 20. 


АШ ДІ 
21: 3 2 
6” ss 


nN 
to 
ВЕ 
Tja 
ШЕ 


2s "а x 
23. / 7 соѕ хат 24. / тг dr 
0 УГ түзе 
Pi Ж] 
25. / 213. 26, [dr 
т ха AX CLA 
л 
242 
27. 13 xe" dy 28. / Ysin ф cos’ dø 
u о 
ie бз 5x2 dy 
dx 
тэгээ 30. e 
es / / xt 4c 3 


Qt 1) (x + 2) 


, 


Prove the following (31 to 37): 


ja d 2 2 

51, / “х= = + log 3 32. y^ хє dx = 1 
Vac «c Qe) 3 

33 " dé = = 34. 19 ше E et — log 2 
~ Ja 5*3cosó 4 

s 2 36. i 2 4) 
35. у 2 sin x dy = я tanx dx = | — log 2 

1 


1 п 
37. / sin! xdv77 = 1 
4 


, 


38. If / " 3e dx = 8, find the value of a. 
0 
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2 


2 
1 7 2 
39 м / x? dx = 0 and vi xdv us find both а and >. 


л 


fa Р. (аж 
40. ШІ Vx dx = 25] sin? x dy, find the value of / x dx 
n 


0 ға 


31. Рог each of the following functions f(x), verify that 


/ зул f fonde у f(x) dx 


/ u ға 


(а)! Ло) Ех +2 
(b) fix) =. 
(су fix) m e 

(d) f(x) = 4v 5 


42. For each of the following pairs of functions f(x) and x (x), verify that 


/ Аю вод а=] fco dx 4 


ии ' 70 


1 
g (x) dx 


(а) fix) xg) - 1 

(b) fix) = Eg Ge) - 
(с) f(x) ese (х) = 1 
(d) fe) - go) л? 


7.3 Evaluation of Definite Integrals by Substitution 


The principal step in the evaluation of a definite integral is to find the related indefi 
Inthe previous chapter we have discussed several methods for fi 


! 2 nite integral. 
f nding the indefi 
of the important methods for finding the indefinite integrals is 


nite integral, On 
the method of s 3 1 


: 5 ubstituti 
we use substitution method for evaluating, the definite integrals, like e nen. When 
ш 
Ж COS х 1 2 
à 2+3пх ^^ / TENE dx 


the steps could be as follows: 


|. Substitute v= f(x) orx—g (v) to reduce the given integral to 
; akn аған; 
the integral in terms of the new variable. Own form lo integrate. Wiite 
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2. Integrate the new integrand with respect to the new variable. 
3. Resubstitute for the new variable and write the answer in terms of the original variable х. 
4. Findthe values of the answers obtained in (3) at the given limits ofthe integral and find the 


difference of the values at the upper and lower limits. 


In order to quicken this method, we can proceed as follows: After performing steps | and 2, 
there is no need for step 3. Instead, the integral will be kept in the new variable itself, but the limits 
of the integral will be accordingly changed, so that we can perform the last step. in this section 


we illustrate this by some examples. 


Fxample 7.8 


юл 


/2 сіп204 
Evaluate / pe 
и 911+ cos'ó 


Solution 
Let [= sin? $. @ 
Тһеп di = 2 sin дсовф40- sin 204 
2 2= дүз — 2/4 
and sin p+ сое a oe 261 


ке) 


2) 
—— 
\ 
тоз 
Yid 
— 
> |— 
2-2 


m fh 
(2 віп20 49 = = are T 
/ Ее А 1 \2 I 
д sin'ó*tcos? |" , l- L | 4 | e | 
E 2 2 


ined as follows: 
for suitable limits а and ^, that аге determined 4 


Ё e that sin? varies from 0to 1. Therefore, 0 and | are the limits 
When ¢ varies from 0 to =, We se 


1 
: Я ired integral is (-- 
when / is the variable. The required ps TUE Пе жа 2 
i б ЖЕ > 
/ T tT 0ЙСНЫ 
2 125 2 1 
П = 3) =. 
Ч 2 - => | $ | 2 | 2 
2 = 9 сы 0 
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-tan ^! (2/— v] 
о 


7tan^! | - tan! (-1) 


Example 7.9 


л ^ 
Evaluate / dx 
o 


5 + 4 с05 х € 
Solution 
n 
х 
Let 1=tan — 
2 
ША жыз 
Тһеп «= = (15-12) ах 
Lye 
and cos v = 1472 


When x = 0, /= 0. 
When x = 7. / tends to co. 
As х varies from 0 to л, / varies from 0 to о. 


FE Mda 2 52 24! 
о $*4cosx -/ 7 xi 


(1+0) ӨС 
ДЕ 


= f° — T 
4 SQ ED) 401.02) 


ә 
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ә : 
tane | 
3 1 


3 
ЭМЭЭР ЕЕ 
Tee las 


EXERCISE 7.3 


- 


Evaluate the following integrals by changing the limits of integration after suitable substitutions: 


(1 025/353 
| Ve ron 01 
sens d 


4. jh vsin ф cos’ 040 


ә 


sin” ‘hes = | dx 6. j^ x Ye 2 dx 
X. Ш 


л 
8 т о 1 2 
7 | ах 8. / Pra c PNE 
o 1+ cos? x o  2cosx-*dsinx 


Ix 
9. i n ana ieee .a,b»0 10. / ЕСН... 
a cos x + b sin x Ins SA RNC 


н 2 " а : 
11. j dx 12. j MEDII 
ЕЕ 0 ах+а? 0 


л ах Ls 


t3 


13. Prove that / 


о l*sinx 


74 Some Properties of Definite Integrals 
We list below some important properties of definite integrals. These will be useful in evaluating, 
‘the definite integrals more easily. 


h fa 
7 ТС) х / f(x) dx 
da oh 


362 MATHEMATICS 


N 


f tos- sode f f(x) ах 


3. i f(x) dx =0 


4. 1 f(x) ах $1 f(a — x) dx 
0 0 

5. 1 feo dx = af F(x) dx if f(x) is an even function. 
d [U 


1 f(x) dx = 0 if f(x) is ап odd function. 


We explain these one by one now. 


Formula 7.1 


| кәж-- ji feo de 
“ h 


Explanation 


а 


We have defined н f(x) dx, only when а < ^. But in practice there 
аге occasions toj со 
nsider 


h 
f(x) dx even when a is not less than ^. In such occasions, we Be f 
(б) to m 
lean 
Ј“ f(x) dx, noting that Р is less than а. 


Remark 


u 


In order to compute и dx where а < ^, sometimes we make a Substitution 
ХЭВ), Тһе 
n the 


ategral becomes gt few ae (у) dv. Now there is no guaran 
quem g(a) » e that g (a) < g (5). Thus, there 
are occasions for considering, P en) dx where b < а. 
а 


Remark 
Let / (x) be an anti-derivative of f(x). Then we have seen in Section 7 2 th 
at 
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13 
Ї f(x) de = F(h)- F(a). 


Note that tliis is consistent with the formula 


/ 


л fi dx = Ji fix dx 


ға rb 


because 
К) - ца) |^ cn = ЕҚ 


In other words, because of the formula 7.1, the result 
^h 
/ feo dx = F (hy - Fa) 
holds even when ^ ~ 4 


Formula 7 2 


а А 2 
/ уо) dx = / Јо) dx + / foo de, 


where а, ^, c are any three real numbers. 


ЕҮхріапайоп 


(i) When a < c < ^, this is explained by Fig, 7.15. 


| 


Fig. 7.15 


363 


364 MATHEMATICS 


The area enclosed between 


° 


х=а 

5—1) 

1200 
апа 18741169) 


is the sum of the two areas differently shaded in the figure. 


(ii) When c is not between a and ^, then also the same formula is true, Suppose a < ^ < c, Then 
by the first case, 


A 5 А 
[fedes | fede / feo de 
"а dh n 


АЎ ^ fe 
Six) de = / IO dx- jh Six) dy 7) 


” й 


^ fh 
= / леа : / Тоз dx (using Formula 7.1), Ч 


Similarly, the same formula can be proved when c~a < h 


Remark 


Formula 7.2 is consistent with the result 


^ 
/ Six) dx. = (5) — F(a) 


12 


where //18 ап anti-derivative of f and u. ^ are any two real numbers. This is because 
F (b) = F (a) = [F (5) - f (e) ІЗІ (с) F (q)] 


holds for all real numbers а, b. c. 


Formula 7.5 


fix) de =0 


2 


Fxplanation 
r 
fh 
(1) We have defined / f(x) dx, when a < h as 


(Б а) tim ДӘ Na tmt. даа үл 1) A] 


n— 0 n 
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h-a 


where л = 
п 


а 
If we want the same formula to hold even when а = b, we must have f f(x) ах = 
because а — а occurs as a factor. 


(ii) This is also in conformity with the geometric intution that the area of a line segment is zero. 


(iii) This is also consistent with the formula 


Г fedx- F- Eta) 
where /^ is an anti-derivative of f. This is because /“ (b) — / (а) = 0 when ^ = a. 


Formula 7.4 
/ Jo) к=] Ј(а- х) ах 
Ч 0 


When the lower limit of the integral is zero, the integrand f(x) can be changed ав f (a — x), where 
a is the upper limit of the integral. without affecting the value of the integral. 


Explanation 


Proof 

Let у=а=х 
Then dv — — dx 
When x = 0. = а. 


When x 7 a. у = 0. 


As x varies from 0 to a. v varies from a to 0. 


Also x 7 a — V. 


а у" 
дузы, fla-) Ус -ау) 
n 
--/ fene 


сй f(a — у) dv (by Formula 7.1) 


366 MATHEMATICS 


ГЕС — х) dx 


(by changing the variable у to x) 


Remark 


This isa very important property, because it is useful in evaluating many definite integralsas seen 
1n the examples that follow: қ 


| 
\ | { y 
\ | / к 
/ 
\ / 
Job Sel 
5 © 2 
(0 (ii) 
Graph of х? on [-2, 2] Graph of cos x on - Зл. A 
22:12 


Graphs of even functions 
Fig. 7.16 


To explain the last two properties in the above list we recall two definitio, 
ns 
Definition 
A real function on an interval ofthe form [- 
for all x in the interval. 
For example, x^, cos х, sin? x are all even functions on 


Their graphs are symmetric about the Y-axis. See the ээ interval l-a, a] of R. 
Fig. 716 ао ooa уп 


“4, à] is saidio be an even function if (+) = f(x) holds 


Definition 


A teal jy pu ү. Ч! Pus ob lh form (a, a) is 58d to bs an add {иңен 
4986 funetion 
(GERE is Bue : 3 он off & Piast dic шоп 
( іт БЕВСЫН 1) PEERS E lbs mi 
БОЛОО йїп 


(366 Fig: Y if 
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y 


A 
Ч iO 
^s — 2 | 55575» 2 


” (и) 


Graph of x on [-2, 2] Graph of sin x on |-2л, 2л] 


Graphs of odd functions 
Fig. 7.17 


Formula 7.5 


/ fidx-2 / ШЕТІ 
Ted / 


if f(x) is an even function. 


Proof 


Let f(x) be an even function. Then 


/ fonde / fonde | Их) ах 
pry. f -u LU 


fo u 
ва К әсел» f ftx) dx 
“ 0 


(by putting y = — in the first of the two integrals) 


T j 
== f fena Ч EL 
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- / “fy dy + А “дас 
0 0 

- [wm dy + ТЕП ах 
0 0 


(because f is an even function) 


= / fo dx + [fe dx 


(because v тау be replaced by x throughout) 


m^) Ы 
2] уо) de. 


Formula 7.6 


/ ходо, 
if f(x) 18 ап odd function. 
Proof 


Let f(x) be an odd function. Then 


[ tow- f fe us f Дх) dx 
і Lm + ү fix) dx 


(by putting | ye in the am of the two integrals) 


ЕТТІ + NP 


(because f is an odd function) 


=- f" ЈО) dv D fo» ах 


- -/ i Ло) dx “кош 
° 0 
-0 
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е 
Remark 
Geometrically, formulas 7.5 and 7.6 can be explained as under: 
If f(x) is an even function on [-a, a], its graph is symmetric about the y-axis (See Fig. 7.18) 
у 
& 
a 
Graph of an even function 
: Fig. 7.18 
Therefore, the area represented by ІР f(x) dx is equally divided оп the left and right sides 
of the у-ах1. а 
2. The total area = twice the area to the right of the y-axis 
This is what the formula 
f(x) dx 22 f(x) dx 
-u 0 
means. 
% On the other hand, if f(x) is ап odd function (Fig. 7.19), the area represented »/` f(x) 
dx, is divided by the y-axis into two parts equal in magnitude but opposite in sign. (Recall that 
е the area is considered negative if the region is below the x-axis). Therefore, the total signed area 


is zero. This is what the Formula 7.6 says. 


MATHEMATICS 


< 


Fig. 7.19 
Now we shall see through some examples how these six properties are useful in the evaluation 
of some definite integrals, 
Fxample 7.10 


( 2 vsinx dx 
Evaluate / 


ғо 


Solution 


feo EN UM 
7%. ЫЕ 
| Я (Е | 
М sin [= -x 
к 2 
т зе n 
Then же == 
2 5 | 
sin | — cos | 5... 
2 
COS X 
7 Усовх * sin x 
me sin x + cos x 
+ -=x |= 
We note that ; До) +] 2 Ga Ge 
т n т 
2 2 2 2 z 
5 7 Јо) dx + ДЕ dx = ldx-|x]2 =2 
° 0 2 A 
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But we also know that ғ 


foo dx = / Uf | af | к (Бу formula 7.4) 
2 


£0 


т 
Therefore, each of them must Бе equal to 5 


Thus ж-з ET 
2 ХЗХ: хог ЕЭ 


/ Уятх + Vcos.y 


га 


Example 7.11 


Without actually finding the indefinite integral, prove that 


/ sim? x dx 
Solution 


Let 155 / ЕСТЕТІЗ 


Then < Іш (бу formula 7.4) 


Ізіз / ^ (sin? x cos? x) dx > ў | dy 


ДЕТТЕ 


It follows that 


a 


Remark 


Sometimes these formulas yield quicker results for some problems that can be solved otherwise 


also. 


Example 7.12 


Calculate / х 
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Solution 


` First Method 


Let МЕ. 
Then мМ-2-ұ 

2v dy = — dx 
Also Х-2-1-, 


Мүлепх-0,у-уү2. 
Whenx-2,v-0 


RI. ^u 
/ хуз =x de- f (2-19(-24у) 


(Ж 217 (2-1?) (by Formula 7.1) 


ға 


Necond Method 


[^ № -х acf (2— x) У2-(2-х) ах 
0 0 


2 


(by formula 7.4) 


- (2-х) Ve dx 


0 


=. (24: — x Nx ) dx 


0 
Tag 3 
2x? x 
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842 842 


3 5 
_ 58 
15 
Ехатріе 7.13 
х 
2n й 
Evaiuate J , SMN ах. 


4 


Solution 


We observe that sin? x is an even function. 


E л 
3 3 
Therefore т Sm xdy=2 sinx dx 
ті “ 
31-сов2х 
=2 1 LCS dx 
° 2 


e (1- cos 2x) dx 


: л 
= |x- — sin 2х Ї 
3 a 


Ехатрі 7.14 


2862 
Evaluate | {хт 2 idx. 


MATHEMATICS 
Solution 
i X25 idfy2-2 
ix*21- f ; 
\—х—2 4х--2 
Ы 29 | fs 
) Же 5 1 мш ма 
7 Ї х+2 |=dx | Wx 2) vet / ха ОХ (by formula 7.2) 


AR ~- Ddr: | (x+2)dx 


Е 
2 | 2 


! 


25: 25 
=4+ >+ = inc 
4 5 (since all other terms cancel mutually) 
= 29, 


Example 7.15 
For every function f(x). prove that 


/ fo dx -/ fe» dx + f f(2a — x) dx. 
Jn 


ГАЛ о 


Solution 


We know 


v0 


2а = TP "ru f 
m / fix Ж) Го) dx (by Formula 7.2) 


Therefore, it is enough to prove that 


ЎА 5 дах / КАЛ 
n LU 


For this let у-24--5. 
Then dy =- dx. 


o 


1 
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When x = a, y =a. 
When x = 2a, y = 0. 


Also x = 2a — y. 


ЕЯ m Јо) dx = ТІ = f2a- у) ау 
o DI 


si E fQu-y)dy (бу Formula 7.1) 


о 
213 fla- x) dx. 
0 


Example 7.16 


If f(2a — x) = f(x) for all x, prove that 
/ fe ах- 2/ foo dx. 
Jo o 


Solution. 


/ 2 fix) dx = NE / fQa-x)dx (by Example 7.15) 
LAU 0 £u 


= | fos / уо) «x [because f(2a — x) = feol 
/ о 


=2 ШЕ feo dx. 


EXERCISE 7.4 


nite integrals, evaluate the following: 


т 


Ву using the properties of defi 
3 
п sin? Xdx : / : UM 
0 


Ч WS sin? x + cos? x 
2279 (sin? x + cos? x) ( ) 


376 


3 / 
0 
Li 


2 4 
5 / (2 log sin х- log sin 2x)dx 


0 


га 


log (1 + tan x) dx 


sin x dx 


у сш 
9 ]tsinx 
и. 7 

0 


4 
13. 2 f(x) dx where 
1 


Es] 


өл 


log tan x dx 


Их) = { 


^» 
14. 7 f(x) dx where 
0 
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> 


Гха-жа 
0 


ev 
= 
яма оуд 


cos x dx 
n 
8 2 
х "ECT 
-5 
л 
10. : 25 de 


©  sinx+cosy 


: к» Гах 


5 


7+3 ifl £x «3 
8х 13-х-4 


sinxif0zy«T 


=> 


10)-11447 <х<3 
2 


2х 
15. / cos! x dx 
0 


Prove the following (16 to 21): 


="  xtanx те 
16. ------- Ф = 
) зесхсовес х 4 


erif3«x«9 
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n 
2 sinx-cosx 
18. л dx = 0 
à  l*sinxcosx 


n 


/2 
20. у sin 2х log tan x dx = 0 
n 


т 


^2. sin'xdx 
22. Evaluate Ex : 
a біп! х + cos! x 


к 


2 
24. Evaluate / sin 2x tan ^! (sin x) dx 
0 


л 


4 (sinx 
26. Evaluate у; орнат ыя 
0 9 + l6sin 2x 


7.5 Areas of Bounded Regions 


In this section. we use integration to com 


377 


: / 
ю / ив (5-1 шо 
0 х 
21 T dx =й 
№ 1+5тх 


23. Evaluate / ЕТ. 
9 (1%х)(1%-) 


25 Evaluate 1 ар 


сох (1+х) 
3 


2 
27. Evaluate bi [x sin пх | dx. 
-1 


pute areas of certain regions. Some problems of this 


nature have been already met in earlier sections. For instance. we have calculated the areas of 


circular regions in Section 7.2. 


Example 7.17 


Find the area of the region bounded by the ellipse 


MATHEMATICS 


Solution 


We rewrite the equation in the form 


vx 
veo [1 =} 
55%) 


We observe the symmetry of the ellipse about the x-axis and the y-axis (Fig, 720) Therefore. 
the required area is 4 times the area in the first quadrant. In the first quadrant 


Бс іг 5225 5 
Бы ДЭ AME C 


The limits of the integral are x = 0 and x = 2. (Note that every point inside the ellipse has x- 
coordinate not exceeding 2.) Therefore, to find the above area we have to compute 

Ка эл 
> / Ух dx 


and then multiply it by 4, i.e. we have to compute 
Аж-6:/. 4-ға 
”% 


Put 
Then dx 


И 


2 біп 0. 
2 сов д då. 


li 


а 00, 5 вэ 7 
МЕ = 4-4simn 0 7 20080 


When x = 0, = 0. 


When x — 2, 


As x varies from 0 to 2, 0 varies from 0 to — 
2 


JE UN М-ға 


/ 


Py (1 + cos 29) 40 
0 М 

sin 20 |2 

12 19+ E = бк. 

it 2 


1 


Therefore, area of the region is бл. 
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Example 7.18 
Find the area of the region bounded by the curves 


UL EON 
v=x, 
x=0 
and x23) 
Also sketch the region bounded by these curves. 
y 
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380 


Solution 

у = х? + 2 15 the equation of a parabola. 

y = х is the equation of a straight line lying below the parabola. 
(You can prove that x^ + 2 > x for all numbers х.) 
The region specified in the problem is as in Fig. 7.21. 


з 
ES / Q? + 2) dx represents the area between 
ә 


у= +2 

х=0 

<3 
and v=0 


3 
/ x dy represents the area between 


1 “5 
и=0; 
x-0 
and x73 


A look at the figure shows that the required area is 


/3 
/ (P *2)dx— 
0 


3 х 35 
Л xdx = | "EP E 
3 2 


І 
ke] 
+ 
е 

! 

| 

| 

! 
© 


Ехатріе 7.19 


Using integration find the area of the region bounded by the triangle whose vertices are (1, 0), (2. 


2) and (3, 1). 


Solution 
Let the vertices be 4, В, С as shown in Fig, 7.22 
The equation оҒ,1/3 is 
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The equation of BC is 
ут-хғ4. 


This leads us to consider 


Dinas 2 1 
f= (2 2 LABS VSD 


4-х 12<х<3 
y 
А 
31 
21 В (2,2) 
| 
11 С (3,1) 
А 
xa VU 
o (1,0) D(3,0) 
Fig. 7.22 


Now f^ f(x) dx gives the area of the quadrilaterial ABCD (See Fig. 7.22). This area is 


127251 ховс [P fix) dx 


2; (2х = 2)yde+/ амы? 
1 
2 х2 13 
= г-%| + ij 
1 2 1 


2) a] 
=4-9-a-21+| | 2-2 8-2) 
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ay 
: - 2 

Next, the equation of АС is ; 
v= pis — 1). 


7. the area of the triangle ACD is given by 


1 Mie b үр 
Г 3 «vant (5 | 


Lastly, the area of the given triangular region 


= difference between these two areas found above 
5 3 


= = - |= — 


2 2 
Example 7.20 
Find the area of the region 


(9,3): 0y sx 1,0 yx 1,0€x«2). 
Solution 


Let us first sketch the region whose area is to be found out. This region is the intersection of the 
following regions: 
Ау={(«,у):0<у<? +1}, 
А, = (х,у):0<у<х-1) 
and — Я,-(х.у):0<х<2). 


y 
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The function for which the curve in Fig, 7.23 is the graph is given by 


2+1 Н0О<х<1 


х+1 ІҒІ<х<2 


= { 


The points of imersection of 


and y-xtl 


are P (0. 1) and О (1. 2). Thus, 


Ac i A for 0<х<1 
x+1 for 1<х<2 


The region considered is bounded by 


у= Хо), 
х у-0, 
х-0 
апа х=2. 


The required area is | ` f(x) dx for this f(x). This integral is computed as follows: 
0 


2 1 2 
/ f(x) dx = [fe act f f(x) dy 
0 70 1 
/1 2 
“| naf (x + 1) ах 
0 1 


ЕЕ 


и 


ft 


2 


! 
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Example 7.21 
Find the area of the region bounded by 3 
y--l 
Vee 
хэр 
апа х-0 
Solution 
Here х= 1? is not in the form "= f(x). Therefore, we interchange x and y throughout and consider 
the region bounded by Ч 
х=-1, 
апа у=0. 
You may verify that these two regions have the Same area. Its area is given by 
2 2 21 
ide | | 
^Y ЧИ 
LOE ШЕ, 
а 1 
. 
EXERCISE 7,5 
Find the area of the region 
(оу): «y y). 
Find the area of the region 
f, у): 2 sys |x h. 
Find the area of the region 
{О у): вре + у}. 
Using integration find the area of the triangular теріоп whose Sides have th i 
e equation 
y—2x d 


УХ ЕЛ7 


апа х= 4. 
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10. 
112 


Find the area of the region bounded by the ellipse 


Find the area of the region between the curves 
у2=4 


апа х= 3. 


Find the area of the region 

(Q2) :y? € 4x, 4x2 4p? 5 9} 
Using integration, find the area of the region bounded by the triangle whose vertices аге 
(-1, 1). (0. 5) and (3, 2) 
Find the area of the region enclosed by the parabola v > = 4ax and the chord у = mx. 
Calculate the area of the region bounded by the two parabolas у = x ? and x = y ?. 


Make a rough sketch of the curve у = 2 sin x, where 0 < x < папа determine the area of the 
region enclosed between the curve and the x-axis. 


Find the area of the region enclosed between the two circles 
х?+у?%= 1 and (x- 1)? * у? = I. 


Find the area of the region bounded by the curve v ^ = 2v — x and the y-axis. 
(Hint: This is'same as the area bounded by the curve у = 2x — x? and the x-axis.) 


Find the area of the region bounded by the parabola v ~ = 4ax and its latus rectum. 


Find the area bounded by the curve x 2 = 4v and the straight line x = 4y — 2. 


3 1 х2 у 
1 area of the smaller region bounded by the ellipse — + *— = 1 and the straight 
Find the 21552 2 


CHAPTER 8 


Differential Equations 


8.1 Introduction 


In many physical situations the relation between the rat 
simpler than the relation between the quantities themselvi 
arise naturally as models for several problems in 

sciences and social sciences. The subject of differer 


8.2 Differential Equations: Order and Degree 
As stated in the introduction man 
Social sciences, when formulate 
differentials or differential coe 
equations. The following are a 


у important problems in engineering, 
d in mathematical terms, lead to equations that involve 


fficients (derivatives). Such equations are called differential 
few examples of differential equations: 


physical sciences and 


dy 

ш = с05 х (8/1) 

ах 

азу 

FUE) ea .. (8.2) 

dx? 

dx * dy=0 (8.3) 
xdx* ydyz0 (84) 
d Зу, 
ах? (8.5) 

Y ау 
2 ах ... (8.6) 
d 
de^ (8.7) 
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Differential equations are classified according to their orders and degrees. The order of a 
differential equation isthe order ofthe highest derivative or differential occurring in the equation. 
Thus equations (8.1), (8.3), (8.4), (8.6) and (8.8) are of the first order, while equations (8.2), (8.5) 
and (8.7)are of second order. The degree of differential equation is the exponent of the derivative 
(or the differential) of the highest order in the equation after the equation is freed from negative 
and fractional powers of the derivatives. Thus the equations (8.1), (8.2), (8.3) and (8.4) are of 
the first degree and (8.5), (8.6), (8.7) and (8.8) are of the second degree. Another important 
classification of differential equations is according to whether they are /inear or non-linear. A 
differential equation is said tobe /inear ifthe unknown function and all of its derivatives occurring 
in the equation, occur only in the first degree. 

The differential equations (8.1), (8.2), (8.3) and (8.4) are linear, while (8.5), (8.6), (8.7) and 
(8.8) are non-linear. In general, an nth order linear differential equation is of the form 


rd МУ 
ay (x) dx” 4, (x) ах" ET 


dy 
на: c) P + a, (x) y 7 ф(х). 


The functions a, (x), a, (x), . - . a, (х) are called the coefficients of the differential equation. 
Note that a linear differential equation is always of the first degree but every differential equation 
of the first degree need not be linear. For example, the equation 


2 ЖЕ das 


is not linear, though its degree is 1. 
EXERCISE 8.1 


Determine the order and degree of each of the following equations. State also if they are linear 
or non-linear. 
1. (ху2%Хах% (у-х2у)4у-0 


2 сулау г x2dy- 9 


ds ds 
QE gp Nee my 
22002035) 
ds \4 аз 
223050) 
3 E | yg 
dy 


5 y=px+ АН dE 


Ер 2 
0 ЕН (1%х%х?) 


1%х? 


МАТНЕМАТ!С$ 


ау 3 2 
LA OE -у 
ТАРЫ 
ах 
1 ap. 
Ё ЖИ Е 
Фу 


dà cos 3x + sin 3x 


ds2 |? ds y 
ох 51 rest 4 
dt? dt 70 


93 Formation of a Differential Equation 


Consider the family of all straight lines passing through the origin (see Fig. 8.1) 


Fig. 8.1 


DIFFERENTIAL EQUATIONS 389 


This family of curves can be represented by 
у=тх ...(8.9) 
For different values of m, we get different members of the family. Let us form a differential 
equation which represents this family of curves. Differentiating the relation (8.9) with respect 
to x, we get dy 
— =m, 
dx 
Substituting the value of m in (8.9) we get 


dy 
Атда ... (8.10 
di (8.10) 
(8.10) is then the required differential equation. 
In general, a family of curves depending on one constant can be represented by 


f(xy, а)=0 ... (8.11) 


Differentiating (8.11) with respect to х, we get another relation involving x, у, у and a, say 
ф(х, y, у, a) =0 ... (8.12) 


Eliminating a from the equations (8.11) and (8.12), we get an equation involving x, y, у/. This 
is the required differential equation of the family of curves represented by (8.11). 


Example 8.1 


Form the differential equation of the family of curves represented by 


сс)? х? ... (8.13) 


Solution 
Differentiating (8.13) with respect to x, we get 


dy 2 
2c(ytc)—— =3х^° ... (8.14) 
dx 
ПЕ Р 5 
узэх"? 
ог y*e 
2 
"rye ху”. 


ог 
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Substituting the value of c in (8.14), we get 
2 2 
(2 os} ayy = 3x? 
ог 4xy ? (2ху — 3y)=27 x? 


ог 8x2y 5 — 12хуу ? 27x 2. 
Thus, the required differential equation is 


dy Y dy Y 
12y| — |= 8|—|- 
Е Ig 11421 зүй 


A family of curves depending on two constants can be represented by a relation of the form 


ЈО, y, a,b) - 0 ... (8. 15) 
А single differentiation of (8.15) with respect to x will yield a relation of the form 
8 (y, y, a,b) - 0 ... (8.16) 


If we again differentiate (8.16) with respect to x, we get a relation of the form 


h(x, y, y, y", a b)-0 О (8.17) 


Eliminating а, b from the equations (8.15), (8.16) and (8.17), we get a relation connecting x 
У and у", say B X, 
F (x, y, уу ")—0 


This, then, is the required differential equation of the family of curves given by (8.1 5) 


Example 8.2 


Form the differential equation representing the family of curves y — 


асо 
are arbitrary constants. S (x + b) where а, b 


Solution 
Given 
у= а cos (x +b) 
Differentiating (8.18) with respect to x, we get 48.18) 
y'=- asin (x +b) 
Differentiating (8.19) with respect to x, we get PAP) 
y” =- a cos (x + b) 
Eliminating а, b from the equations (8.18), (8.19) and (8.20) , we get ms 
Ф. 
A +y=0 
ах? 


_ (8.21) 


ё 
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which is the required differential equation 


Example 8.3 


Find the differential equation of all circles which pass through the origin and whose centres are 
on the x-axis. 


Solution 
The general equation of the circles with the desired properties is given by 

(х-а)?+у?=а? ... (8.22) 
We get different members of the family for different values of а. The above equation, upon 
differentiation with respect to x, yields 

2(х-а)%2уу”- 


ог а =х+ у 28.23) 


Eliminating, а from (8.22) and (8.23) we get the required equation. Hence, the required 


differential equation is 


dv | dv 
v— | |р 
ux ах 
x dy 
ү?=› p 
or у dud (8.24) 
Remark 


We have seen that if an equation between two unknowns contains one arbitrary constant, then the 
result of eliminating that constant isa differential equation of the first order, and if it contains two 
arbitrary constants, the result is a differential equation of the second order. Our argument is 
general. so that if an equation contains и arbitrary constants, the resulting equation, after 
eliminating the constants, will be a differential equation of the nth order. 

Differential equations also arise in connection with many problems in Physics, Chemistry, 
Biology, Economics, Engineering, etc. We shall illustrate this by considering some examples. 


Ехатріе 8.4 
r year. If x= x (/) denotes the number of individuals in 


rows at the rate of 5% pe ) 
f change of xis equal to 5% оёх. Written in the equation 


A population 
fter! years, then the rate o 


the population а 
form, we have 
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which is a differential equation. 


Example 8.5 


A savings account pays 8% interest per year, compounded continuou: 
from another investment is credited to the account continuously at the 
the differential equation to model this account. 


sly. In addition, the income 
rate of Rs 400 per year. Form 


Solution 


Let x = х (/) denote the amount in rupees in the account after ¢ years. Then 


dx 8 
= =— x+400 
dt 100 


which is the required differential equation. 


Example 8.6 


Assume that a spherical rain drop evaporates at a rate Proportional to its surfa 


: t деп ; се area. Form 
differential equation involving the rate of change of the radius of the rain droj 3 


p. 
Solution 


Let » (r) denote the radius (in mm) of the rain drop after í m 


ninutes. Since the Tadius is decreasing, 
as | increases, the rate of change of must be negative. 


If V denotes the volume of the rain drop and 


4 
V= — mr? 


S its surface area, we have 


It is also given that 


dV 
-- a$. 
dt 
Hence, 
4 Р КСА 
— %*3r2— =. дл 
3 dt xd 
dr 
5% оғ 73 Бо 


This is, then, the required differential equation. 
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EXERCISE 8.2 


Form the differential equation corresponding to 
y?-2av*txj-a? 


by eliminating a. 


Form the differential equation corresponding to 


(х-а)2-- (ут bsr 


by eliminating а and ?. 


Form the differential equation corresponding to 


v?=m(a?- x?) 


by eliminating m and a 


Find the differential equation of all the circlesin the first quadrant which touch the coordinate 
axes. 

Find the differential equation of all the circles which pass through origin and whose centre 
lies on у-ахї8 > 


Find the differential equation ofthe circles passing through the origin and being their centres 
on the x-axis. 


Show that the differential equation that represents all parabolas each of which has a latus 
ЫН, as а la 

rectum 4a and whose axes are parallel to x-axis is 2ау, + v ; 20 

Show that the differential equation that represents all parabolas having their axis of 


symmetry coincident with the axis ofxisu, tr үл 


8.4 Solution of a Differential Equation 


A solution 


of a differential equation is any function у = f(x), which, when put into the equation 


changes it into an identity. 


Example 8.7 


Consider the equation 


for any constant c, is also a soluti 


dy 

dx 
easily verify that y = mx is a solution of the equation. Further, v = mx + c. 
ion of the equation. 


TRULI 


Then, as you can 


/ 
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Example 8.8 
Consider the equation 
а?у 
ae +y=0. 


It can be easily verified that the functions y = sin x, y = cos x and, in general, 
y = c, sin x + с, cos x are solutions of the given equation for any choice of constants c, and CS 
The solution which contains a number of arbitrary constants equal to the order of the equation is 
called the general solution or the complete integral of the differential equation. Solutions 
obtained from the general solution, by giving particular values to the constants are called 
particular solutions. 


EXERCISE 8.3 


In each of the following verify that the given function is a solution of the differential equation: 


1 (у-дау-(02-хжуах-0,у--(1%х) 


dy dx a 
2. у=х — ta —, y= сх+ — 
dx dy с 


S SO) сед 

4. ху-4у-0, у= cx! 

5. y"-6,y-x'tacd-*bx*tc 

6. У’+4у=0, у=А cos 2x + B sin 2x 
8.5 Equations with Variables Separable 


In the previous section, we discussed the notion of a solution of a differential equation. In the rest 
of the chapter, we shall learn a few techniques of solving differential equations. We shall concern 
ourselves mainly with differential equations of first order. In this section, we discuss the method 
of variables separable. 

Consider the differential equation 


dy 
Pm =/ (х,у) _. (8.25) 


Suppose the function f (x, у) is of the form 
f 6») -P6)40). 
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Then, the equation (8.25) can be written as 


dy 


= p (x) ах 
4 (у) ... (8.26) 


In equation (8.26), all the expressions involving у аге on one side and those involving x are 
on the other side. We say that the variables have been separated. Integrating both sides of (8.26). 
we get e 
1 dy 
224 / р(хуйх+с 


ОТОТ” 


which gives the solution of (8.25). 

There is no need to add arbitrary constants of integration on both sides, since they can be 
combined to give just one arbitrary constant. 
Ехатріе 8.9 


Solve 


dx І%у 2 


Solution 


The equation can be written as 
(1+ 42) dy 7 x dx. 


integrating, both sides, we get 
17 3 x H 
Vale Ғы. a a 
А SM 
The above relation gives the general solution of the equation. 


Іп many applications we are not interested in the general solution of a given differential 
equation, but only in the particular solution satisfying a given initial condition, say, the condition 
that at some point x,, the solution у (x) has the value v, This is briefly expressed as y (x,) = Y. 
A first order differential equation together with an initial condition is called an initial value 


problem. 


Example 8.10 


Solve the following initial value problem: 
dr 


dt 


== к(0)-т,, 
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Solution 
We have 
dr 
== kal 
in 
r =? 
Or log — = — (The constant is written as log с) 
» 
T 
or Ее T 


which is the general solution. 


It is given that for / = 0, "= ғ. Substituting these values in the general solution, we get 
с-ғ, Hence, the required solution is 
ез 
r=re 2! 


Example 8.11 


Experiments show that radium disintegrates at a rate proportional tothe amount of radium present 

at the moment. Its /a// life, that is, the time in which 50% of a given amount will disappear is 

1590 years. What per cent will disappear in one year ? 

Solwion 

If v (1) be the amount present at time /, then we get from the given data the differential equation 
dy 


-- шо. ki 
4 2 


Let y (0) = у,. Solving this differential equation, we get 


УЧ) 
log — =- kt 
с 
Непсе, y (0 = сет“. 


Using the initial condition y (0) = y, , we get c -у, Thus, the solution is 


yu) ye*. 
1 
Also, for f= 1590, у (0) = 5 M 


Hence, 3 ^ puc 


% 
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log 2 
9n = 1590 = (0004 
Hence vO= VE 0004, 


vt l= уе 0004(r +1) 
= (1) e = 0004 
e у (0) (1 -.0004) 


Since v (1+ 1) is the amount present after one year, the amount which disappeared in one year 
у-у 1}=0.0004 у (/). Hence, % amount disappearing in one year 


fi 0.0004 у(/) 
7 yu) 


х 100 = 0.04%. 


Therefore, 0.04% amount will disappear in one year. 


Ихатріе 8.12 


The marginal cost of manufacturing, a certain item is given by 


м ас 
d (x)= — =2 + 0.15х. 
ах 


Find the total cost function c (X), given that c (0) — 100. 


Solution 


dc 
—=2 + 0.15х 


ах 
о, Ju- faroisoasa 


Hence, e (x) = 2x + 0.075x* + Л. 


Given с (0) = 100. Hence, А = 100. 
c (x)= 0.075x2 + 2x + 100. 


Note 
Economists often call the derivative of a function the marginal value of the function, Thus, the 


marginal cost is the derivative of the cost function с (x) where с (x) is the cost of manufacturing, 


x units of a certain item. 
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EXERCISE 8.4 


Find the general solution of each of the following, equations: 


1 CRX. 2 
(1) d x Ke 


(ii) (1+ cos x) dy = (1— cos x) dx 


dy 
(iii) 2 =co xsin!x-x -[2х+1 
: Фу 
(iv) (+2) — -х2-4х-9 
ах 


, 


у 
Шұ (е-е тет еу 
(М) (x?—yx?)dy* (y? x?y?) dx - 0 
(vii) sec? x tan y dx + sec? y tan x dy = 0 
(viii) œ- 1) у = 2x? y 
(x) у-(1%х) (15 y?) 
(X) хіорхау-уах-0 


edi) dy dy 
xi -x> | = 24 — 
i) |у-х тё а |y?+ ж 


(xiii) 3e'tan y dx + (1— ё) sec* ydy =0 


dy 
(xiv) — +2y=¢% 
dx 


р ах 
(ху) sin? x % =siny 


Solve the following initial value problems: 
© y'=ytan 2x, у(0)-2 
G) 2ху-3у, у(1)-4 
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(1) у-2еу, у(О- 


(v) У=зесу, у(0- 0 


(у) ху-у%2, у(2)-0 


8.6 Homogeneous Equations 
Ап equation of the form 


4 v 
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Е) 


dx 


is said to be /'omogeneous ifthe function f does not depend on x and v separately, but only on thei 
t С 1 Қ іг 


у x 
ratio— or — . Thus, homogeneous equations are of the form 
x AW 
dy у 
—= |— 
ах х Tow 


Consider the following examples: 


... (8.28) 
..:(8.29) 
dy у3%ху 
d 23 .-. (8.30) 


The e 


expressed as a function of — . 
x 


quations (8. 28) and (8.29) are homogeneous, as the right hand side of each can be 
Since (8.30) cannot be so written, it is not homogeneous. 
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To solve an equation of the form (8.27), we put v = ух. Then 


dy dv 


р — 
dx dx 


Substituting in (8.27), we get 


cr 


or 


ау ; 
у+х — =F (у 
pr (ғ) 


ау 
х ЯВ =F ¢)-v 
dv _ dx 
К(у)-у qum 
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This equation falls under the ‘variables separable’ category and can be easily solved. 


Example 8.13 


Solve 


Solution 


GC 3xy +y?) dr- x? dy 0, 


The equation can be written as 


Put y = vx: Then 


Hence, 


or 


dy х?+Зхучу? 
dx Ф x bts 


dy dy 
эсу PSI a 
dx dx 
dv 
Ух — —]43v4 2 
d vov 
dv dx 


(v? y 


2 


КА 


DIFFERENTIAL EQUATIONS 
401 


Integrating, we get 


MIT ес = log x. 
Substituting the value of v, we get 
x 
| БЕТ) +logx=c 
which is the required solution. 
EXERCISE 8.5 


Show that the following equations are homogeneous and solve them : 


Ту хо 


хи =x? хучу? 


t2 


3. Qxy ty D dx * (x 2+ xy) dy — 0 


5 2хуу'=х?+3у 2 


8.7 First Order Linear Equations 
A first order linear equation is of the form 

dy 

2 +ру=0 

ах ... (8.31) 


О are functions of x or constants. 


where Р and 
ly both sides of the equation by e Грах to get 


To solve (8.31), we multip 


n ay [Pa Л 
ера Py e /P = Рах 
dx 2 Qe ... (8.32) 


d 
s — (y e/"* ). Непсе муе get 


Now, L.H.S. of (8.32) equal: 
dx 


Rd. (уе Ра у= Ое /Рах 
ах 
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Integraung, we get 


ye Pi = [Qe IPs dyse 
, 


огу=е-/Р& | loe УРах ах+с | 
1 | 


This gives the general solution of (8.31), The expression e / ^ 


К is call inte s factor of 
the equation (8.31). ed the integrating factor 


Example 8.14 


Solve 
ау 17 
UP gotas 
dx x 
Solution 
H 
Integrating factor = e P4 -./-а =y 


Multiplying both sides of the equation by x 


we get 
dy 
х == ухе 
ах 
а 
р} (ху) хе > 
ах 


Integrating, we get 


xXy--(xtl)e7-cc 


XE ^ 
ог y=- е 
х 
which is the required solution 
Example 8.15 
Solve p 


ау * 2v sinx = 


t 
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Solution 


Integrating factor = e 20% 
dy 


et — -2eP5y-e^sinx 


dx 
d : 

L.H.S. of (8.35) = m (ye 79). 
ах 


Integral of ВН.5. of (8.35) 


l= Je ? sin x dx 


4/2 


1 
--- eUsinx- = е cos x dx 
9 ^? 


Hence. » 
4 1 1 
5 


— e? [2 sin cos x |. 


Hence. upon integrating (8.35), We get 


ee ӘЖЕ 
5 


І 
ог peu 
5 
which is Ше general solution of the given equation (8.34) 


EXERCISE 8.6 


|, Find the general s 


(D + 5 бар 4х 


S e hi =, sin x — cos х 
E 


[2 sin x - cos x] ce 


2у еі A im Эх 
e? sinx— ee cos. 
Ч 


1 
кә — CX [2isinx COS x] PC 


1) e* sin x dx 


eT siny- e^cosx- — /. 
4 SE 


olution of the following differential equations: 
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= e^. Multiplying both sides of the given equation by ewe get 


=. (8:35) 
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(1) у +ау= е" 
(іш) у +у=соѕ x 
(iv) у + 2у= бе 
(у) у – 2у = cos 3x 
(У) У +у=ѕіпх 


ау 
(vii) x — -3у--24х 
dx 


(viii) x 2 -y-(x- ех 


„Айу 
(iX) -- *y-cosx- sinx 
dx 
dy 
(X) — +y tanx=2x+x? tanx 
dx 
: уу 
О те en 
А x 
ee ae sin x 
(xii) --% — = соб х + —— 
dx x 52 


(xiii) уах+ (х – у?) 4у=0 


ые dy 
(xiv) x —+v=xlogx 
ах 
ау 1 1 
NI + А Бар 
dx — xlogx х 


(xvi) уах-(х%2у2)ау-0. 


Thetemperature 7'ofacoolingobject drops 


atarate proportion : moe 
5S is the constant temperature of the Surrounding Nie ене SiT etice 1-5, where 
Thus 
dT 
АА. 
dt VIE, 


where k (> 0) is a constant and г is the time. Sol i : 54534 А 
7(0)- 150. Ve the differential equation if it is given that 
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The equation of electromotive forces for an electric circuit containing resistance and self- 


inductance is 


1 ) di 
PER GDES, 
di 
where / is the electromotive force given to the circuit, R, the resistance and £, the coefficient 
of induction. Find the current i at time / when (i) / = 0 and (ii) А = a non-zero constant. 


aporates at a rate proportional to its surface area. If its 


Assume that a spherical rain drop ev: 
later has been reduced to 2 mm, find an expression for 


radius originally is 3mm and | hour 
the radius of the rain drop at any time. 


The line normal to a given curve at each point (х, у) оп the curve passes through the point 


(2, 0). If the curve contains the point (2, 3), find its equation. 


Experiments show that the rate of inversion of cane sugar in dilute solution is proportional 
1 
gar. Suppose that the concentration is —- at 
100 


to the concentration v (/) of the unaltered su; 


| = 0 and is == at (= 10 hours. Find y (/). 
300 
A wet porous substance in the open air loses its moisture at a rate proportional to the moisture 
wind loses half its moisture during the first hour, when will 


content. Ifa sheet hung in the 
it have lost 99%, weather conditions remaining, the same ? 


A bank pays interest by continuous compounding, that is, by treating the interest rate as the 


instantaneous rate of change of the principal. Suppose in an account interest accrues at 8% 


per year, compounded continuously. Calculate the percentage increase in such an account 
over one year. 


[Take eo ~ 1.0833]. 
е rate of 5% per year. How long does it take for the population to 


A population grows at th 

double ? 

Assume that the rise in the price p= p(t)ofaproduct is proportional to the difference between 
)andthat the demand depends on the priceas afirst degree 


the demand w(/) andthe supply s( | | 
polynomial. Set ира differential equation for the price. 


СНАРТЕВ 9 


Vector Algebra 


9.1 Vectors 


Given апу straight line4Bina 


planeorthree-dimensional 5 
that can be associated with th 


pace (3-space), there aretwodirections 
e line as shown in Fig. 9.1 


by means of arrowheads. 


4 
и 


4 


Directed пед? 


Directed line ВА 
(1) 


(i) 


Fig. 9.1 


Fig. 9.2 
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No measurement is involved i 
N ! 1 in these two directions on the li i i 
aie prescribed is called a directed line. If a magnitude in кые x заш опе а 
ogether with one of the two directions on the line are prescribed Бове 
о prescribed we say that we have a vector 
It is clear that if the direction and i 
magnitude (a units) have bee: i i 
и fthe c imag un уе been given, the lini 
x СШ line in the given direction (pertaining to a class of parallel ЭН m 
e case may be). Again, the ends of the line segment may be any two ais OE 
nts О and 


or 3-space 
nits. Thus any directed line segment is a vector. 1Ғ 


А provided ОА has the given length, viz. a u 
ОА is one such vector, О is called its initial point and A its tip or end point or terminal 
inal point if 


the direction is from O to 4. We employ the symbolism OA or ato denote the vector ОА in Fi 
in Fig. 


9.2. The length of the line segment OA, known as the magnitude of the vector Оў is denoted 
denote dy 


10 lorby 12| 
orby [а |. For the purpose of our study it is not necessary to distinguish between two Н 

segments ofthe same magnitude but lying on two different lines which are parallel ine 
provided the directions chosen are one and the same. el to each other 


Fig. 9.3 


8. od un 
ements OA, O'A’ in Fig, 9.3 represent one and the same 


To be explicit, the directed line se; 
y are equal vectors. Note that in the family of directed line 


lation R defined by ак bit and only if гапа В are directed 
ion and magnitude (irrespective of initial points) is an 
belonging to an equivalence class with reference to this 


vector. We say, at times, that the 


segments in space (or a plane) the ге 
line segments with the same direct 


equivalence relation. Any member 
relation represents one and the same vector. 
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Note 


For convenience of printing, vectors are sometimes denoted by 
clarendon type. The overhead arrow symbol is more convenien: 
direction of a vector is indicated Бу an arrow head in the middi 
tip or in the extended line segment depending on convenienc 


letters in thick type known as 
t for hand writing. In figures the 
le of the line segment or near the 
e as in Fig, 9.4, 


— —À —— m- 
-А В А В А 


Fig. 9.4 
Examples of Vectors 


l. Ifwetakea plane figure and displace it along the plane without distorting or rotating the 
figure, the displacement is completely determined by a vector. The vector is precisely the 
one with any chosen point as initial point in the original position and the tip as the image 
ofthis chosen point by the displacement (Fig. 9.5). Observe that the line segments obtained 
by this procedure by varying the chosen initial point within the 


5 › figure are all of the same 

length and direction. Thus, bodily displacement in a plane (more generally in 3-space) is 
: 5 = 

а vector. The displacement discussed above is called translation and AA’ is called the 

translation-vector. 


Displaced figure Е 
22 
А 


Original figure 
Fig. 9.5 


Any force which is applied to a point or a body is determined by its magnitude and di rection 
and is hence a vector. 2 


e 
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3 Velocity, viz. speedtogether with its direction, is also a vi 
у 1 ! 3 есіог. Therate of chan i 
fora particle moving, with non-constant velocity, known as acceleration. шоо ma 
magnitude and direction and is deemed a vector. ў 


Position Vector of a Point 

If P is a point in a plane referred to a pair of rectangular axes Ox, Oy, it is clear that the directed 
line segment OP fixes P uniquely andis called the position vector of P. Note that when we speak 
of position vectors we have in mind a fixed point O which is the original or initial point for the 


vector. 


Scalars 
ng only magnitude but no direction asasca/are.g. mass, length, time, 


Physicists call an entity havi 
1 number (which can also be the magnitude 


temperature. But for the purpose of our study any rea 
of one of the above entities or a vector) is a scalar. 


Negative of a Vector 


Let ol be a vector. Extend the straight line AO and take A’ on АО produced such that AO = CA’ 
д Р =, 
her with the direction opposite tothat of OA as shown in Fig. 9.6. 


Take the line segment OA' toget 
an d DE ei м. 
OA’ is defined to be the negative of the vector OA. We write OA=- ОА. If OA is denoted by a, 


-g With our earlier understanding any line segment in the same direction as 


әл. 

ОХ! is denoted by 
> 

or ОА represents the vector — OA. (See Fig. 9.6). 


> 4 
ОА! and of the same length as O4 
A 


0 
A 
Fig. 9.6 
Example 9.1 
Let P be apoint inaplane referred toa pair of rectangular axes, Ox, Oy. As was pointed out above 
=> 
ОР? 


2» . 
OP determines P. What 15 — 
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Solution 


As in Fig. 9.7, if P has coordinates (x, y) with reference to Ox, Oy as axes of coordinates, the 


255 

construction to represent — OP shows that (~x, -у) will be the coordinates of P" where OP -- OP. 
In other words, the tip of the negative of a position vector is the reflexion of the tip of the position 
vector with reference to the origin. 


y 


Fig. 9.7 


P (x, y,2) 


y 


Fig. 9.8 
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Note 


In the three dimensional case tooa point Pis fixed with reference to triplet of pairwise orthogonal 
or perpendicular lines passing through a chosen point O as follows: 

If Ox, Oy, Oz are these three lines (Fig. 9.8), consider the foot P, ofthe perpendicular from P onto 
the plane хОу (which isalso calledthexy-plane). Observe in thiscontext, that any two intersecting, 
lines or parallel lines fix up a plane in three-dimensional space. 

Let the coordinates of P with reference tothe rectangularaxes Ox, Oy in the plane determined 
by them be (х, y). Let РР have length 2. If P is above the хОу plane, we say that P has coordinates 
(x, у, 2) with reference to the mutually perpendicular axes Ox, Oy, Oz. We write Р (x, y, z). № 
Р is below the plane хОу it is said to have coordinates (x, y, -2), where 2 is the numerical value 
of length РР. An equivalent description of x, у, 2 is that they are perpendicular distances of P 
from the planes yOz, zOx, хОу with a negative sign attached ‘o those distances in the directions 
opposite to Ox, Oy, Oz. Itis clear that P is fixed by the ordered triplet (x, у, 2) and vice-versa. You 
willlearn more about this when you study three-dimensional coordinate geometry in the next chapter. 


-» => 
In example 9.1 you have seen that if P is (x, у) and if OP’ =-ОР, then P' is (—х;—у). This 


=u 
result can be extended to 3-dimensional space also. Thus, if P is (х, y, z) and OP’ =- ОР” then 


P' is (-x, -у, –2). 


Components of a Vector 

If P (x, y) isa point (Fig. 9.9) ina plane referredtoa pair of rectangular axes Ox, Oy, then vectors 
= : 

00, OR, where О, R are respectively the feet of the perpendiculars from P to Ox, Oy, are called 


Оу respectively. It is clear that the magnitudes 


2 : 
the components of OP in the directions Ox, 


109 | [OR | аге respectively Ix |. ly | if P is the point (x, у). 


22 y 
P (x, 
(x, у) R 
R Р(х,у) 
y d > < 
0 Q Y Q 0 Эр 
Fig. 9.10 


T] TICS 
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2-3: А 
ТЕР were in the second quadrant as in Fig. 9.10 we note that OQ is in a direction opposite 
to the direction of Ox. In this case x is a negative real number. W 


е can consider similarly the 
situation of P in the other quadrants and conclude that the magnitude and direction of the 
> 
components of OP along Ox, Oy are determined by 
direction, the direction being opposite to that of Ox. 


If P were in three-dimensional space referred to a system of mutually perpendicular axes Ox, 
Oy, Oz (See Fig. 9.11), itis clear that the lengths OO, OR, OS where О, В, 5 аге respectively the 


feet of the perpendiculars from Fto Ox, Oy, ОЖ are respectively equal to the coordinates х,у,2 
of P in magnitude as also in direction, the latter in the sense that a negative sign will indicate that 


OQ, OR, OS are in a direction opposite to that of Ox, Oy, Oz respectively. 02. OR, OS are said 
=> 
to be the components of OP along the directions of Ox, Oy, Oz. 


the-coordinates of P in magnitude and 
‚ Oy, when x, y are Tespectively negative. 


<V 
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28 
More generally, i£4B isany уесїогїп spaceand/is directed linethe componentor projection 
> > 
of AB on / is defined to be РО where P, О are feet of the perpendiculars from A, В respectively 
to / (See Fig. 9.12). | 


Remark 

> 5 
It should be remembered that the component ог projection of a vector АВ in any direction is a 
vector. Even when the given vector does not meet the directed line on which its component is 
desired to be found, we can find a line (there are, in fact, many such) which is parallel to the given 
line and meets the given vector at A. If 915 the magnitude of the angle which the given vector 


makes with the directed line in the anticlockwise sense, the magnitude of the component is 
> 
ГАВ | |со$ @ |. Its direction is the given direction of the directed line if cos 018 positive and it 


is the opposite direction if cos 915 negative. The figures below illustrate the situation in all the 


— 
possible cases [See Fig. 9.13(i) - (iv)]. [AC is the component of AB along the direction of /.] 
% 


| 8 B 
eren Б. 
A 1 G 5 А Er! 


(i) 


> С ——91 
0 1 
B 


Fig. 9.13 (iv) 


(i) 


(iii) 
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Example 9.2 
Find the component along Ox of the position vector of the point P (2, 5). 
Solution 


As was observed earlier the absolute value of the x- 
component. Hereitis 2. Sincethex- 
the direction Ox. 


coordinate of P is the magnitude of the 
coordinate is positive, the direction ofthe component is along, 
Example 9.3 


Find the component of the 


position vector of the point P (2, -3, 5) along the direction Oy of the 
axes of coordinates. 


Solution 


“Тһе magnitude of the componentis |-3 |=3 units and its direction і along the direction opposite 
to Oy since the y-coordinate of P is negative. 


Exemple 9.4 


— 
Find the component of the vector АВ, where А has coordinates (1, 0) and B has coordinates (-3, 0) 
along the line y — x in the increasing direction of x. 


Fig. 9.14 
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Solution 
In this case the angle made by the vector with the directed line whose equation is y — x in the 
anticlockwise sense is @= 225°. Hence, the component has magnitude 


Xx 4 
1АВ | |со801-4 Ісов225% |--- 
№ 


Its direction is given Бу the sign of cos 0 which is negative and so the component is A'B’ in the 
direction of y = x opposite to that of increasing x as shown in Fig. 9.14. 


EXERCISE 9.1 


> 
Find the component of the vector РО along the direction Ox if Pis (x, y,) and Q is (х,у) 
with reference to rectangular coordinate axes Ox, Oy. 


.> 
2. Find the component of the vector AB where А is (1, 0) and В is (5, 0) along the direction 


y =-х in the increasing direction of x. 


9.2 Operations with Vectors 


(a) Scalar Multiplication 

Let abea vector corresponding to the directed line т aplane or in three-dimensional 
space. Consider the Каут ме |= |к| 123 | where k= 0 isa real number, i.e. a scalar, 
and the direction is along AB itself or in a direction opposite to it depending respectively on 
whether k is positive or negative. ae is defined to be the vector kAB obtained by multiplying the 


ЁС 
vector AB by the scalar А. We have k AB given by Fig. 9.15 in the corresponding cases. 
В эе єз ee 
А ГЕН a 
С 
(ii) 
0<к<1 
@ атра ЛЖОЛҮ Л? 
С А В 
к<0 
(ш) 


Fig. 9.15 
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Let, now points of a plane be referred to a pair of rectangular axes Ox, Оу. The vectors in 


thedirections Ox, Oy which haveunit magnitude, are denotedby ) j respectively. Theseare called 
unit vectors in the directions of the x-axis, y-axis respectively. 


> 
With this notation the vector ОР, where P has coordinates (x, 0), is the vector xi?x being 


treated as a scalar. x 715 in the direction of Ox or in the opposite direction according as x > 0 or 
— 
х< 0. Likewise y jis the vector ОО of magnitude |y |and has the direction of Oy or the opposite 


. De . х» - 
direction according аз y is positive or negative. If, now ОЛ is the position vector of the point А 
(x, у) referred to the axes Ox, Oy and P, О are the feet of the perpendiculars from оп Ox, Oy 


5 : 2-2: 
respectively (Fig. 9.16), then P has coordinates (x, 0) апа О has coordinates (0, v) sothat OP, од 


> 
which are the components of OA along Ох, Oy respectively, are the vectors x пу We observe 


that the magnitude and direction of the components are taken care of by x БУЛ irrespective of 
: К : -» 

in which quadrant lies. The same reasoning helps us to conclude that if ОЛ is the position vector 

of the point 4 in three-dimensional space ыда to three mutually perpendicular axes of 


coordinates Ox, Oy, Oz then the components of OA along directions Ox, Oy, Oz are Tespectively 


xi Рур. 22 ГА where А has coordinates (х, у, 2) and M js Rare the unit vectors in the directions of. 
Ox, Oy, Oz. y^ 


О (0, y) A (x, y) 
у) 
^ 
xi 
0 2 P (x, 0) > 
Fig. 9.16 


Note: We shall call Р fori? Л} kall vectors pertaining to basis or basic 


5 ois tes Dee Е unit vectors in the plane 
or 3-spac . 


2 
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(b) Addition of Two Vectors 
> 
ent two vectors in a plane or in three-dimensional space (Fig. 9.17). Take the 


— 
Let AB, CD respres 
> > 
п of CD and cut off a length equal to |Ср |from A thus getting the 


line through A in the directio 
Jo AL 
al whether we consider CD or AE. To be explicit they 


m 
vector AÉ. By our convention it isimmateri: 
parallelogram whose adjacent sides are АВ and AE, 


are one and the same vector. Complete the 
> 
of the vectors АВ and CD. We write 


^ т? 
calling it АВЕЕ. Then AF is defined to be the sum 
жз X rmt 
AB+ CD=AB+ AE - AF. 


G 
Fig. 9.17 
Note that if we replace А Bbya vector which representsA Bbutwith initial point C and proceed 
et a congruent parallelogram with sides parallel 


with the completion of th 
to those of ABFE. Hence, t 


of ABFE. In other words, we get another гер! 
сы cA 
Ср + AB = АЁ= АВ + CD. 


e parallelogram we g Е 
he diagonal of the new parallelogram will be parallel and equal to that 
> 


resentation for АҒ. More explicitly 


belong to the equivalence class of vectors to which the sum 


ntations 
с language addition of two vectors is a commutative 


Note also that both the represe l 
In algebrai 


of the two vectors belongs. 
operation. 


(c) Difference of Two Vectors 


=> =>» Е : а 
Let, now, АР, AB be two vectors with the same initial point 4 (See Fig. 9.18). Take the vector 
> В 5 

АВ, -- AB. Complete the parallelogram with F, А, B, as three vertices. Let the fourth vertex 


be B,. Then, by the definition of the sum of two vectors 
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> > > 

AB,=AF+ АВ, 
> - 
-АРЖ (— АВ). 


We write the vector оп the right hard side as 


> > 
AF- АВ. 


оО. 
А Е, ане: 


es 


1 -А 


о 


Fig. 9.18 


This helps us to define the difference 2-7 between two vectors. If AF — AB + cb, we can show 
that > ә > 
AF—AB=CD. 


This is done once we show that АВ „ЕВ is a parallelogram. 


> > > 
Since |4B |= 148, |= |В,Е |, 


we have AB= 3, F 
Also, AB || В, Е (by construction) 


Hence AB, F B is a parallelogram as desired. 
2/2772 


419 


VECTOR ALGEBRA 
To sum up, we have shown that if @+b=2 then 
eo 
b-c-a ш) 
э э ә 
азс-5 771923) 


In other words, we can transpose a summand ‘п a vector sum to the other side with a negative sign 


as in ordinary addition. The question arises 25 towhat isa —d ? Wedefinethis tobe but assume 
that this vector has ло direction though it has magnitude 0. The property mentioned in (9.1) and 


(9.2) above ensures then that 
сэ 
a+0=0+a=a 


5 
i.e. 0 is the identity element for vector addition. 


Remark 
4; 
In some books 015 said to have any direction. Sinceavector isan entity with prescribed magnitude 
and direction, this statement does not go well with the definition of a vector unless this is 
252 Р . H . . 
interpreted to mean that 0 has no definite direction or equivalently that its direction is not defined. 


Development of vector algebra (and analysis) shows that there is no need to have a direction for 


a 
0. 


The construction of the parallelogram to obtain the sum of two vectors can be dispensed with 


as follows. If we look at Fig. 9.17, 

> > > 
CD = АЕ = BF. 
It, therefore, follows that 


ай 
AB + CD=AB+ BF=AF. 


In other words, if AB, ВЕ аге two vectors with the directions гага therein, so that they сап 


form the sides of a triangle meeting at В (See Fig. 9.19), then АРАБ the third side of the triangle 


which is obtained by joining the points А Es F с 


А B 
Fig. 9.19 mg 920 
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More generally, if ABC is a triangle as in Fig. 9.20 in plane or three-dimensional space (the 
> > 
triangle then lies in a plane), and AB, BC are deemed as vectors traced in the anticlockwise 


> 
direction, their sum is the third side traced in the clockwise direction, viz. АС. Аз апу pair of sides 


of the triangle could be used, it follows that if we have a triangle of vectors, the sum of any two 
in anticlockwise (clockwise) direction is the third in the clockwise (anticlockwise) direction. 
Thus, to get the sum of two vectors it suffices to construct the triangle with their tips and the 
common initial point as vertices. This idea is used in dealing with the resultant force of two forces 
acting at a point. We shall call this idea the /aw of triangle of vectors. 


Note 


> а? 
If AB and BC have the same direction then A, В, С are соШпеаг points and the triangle АВС 
coincides with the straight line segment АВС. Thus, AC in magnitude is equal to AB + BC. The 
2 > > PETS > > > 
direction of AB + BC is that of either AB or BC. So АВ + ВС = AC as shown in Fig, 9.21. 


Fig. 9.21 


We now look into some special cases of vector addition. Let ob be the position vector of a 


point P in a plane referred to a pair of perpendicular-tines as axes of coordinates Ox, Oy (See ір, 
9.22) i 


P (x, y) 


кет==» 
х 
Fig. 9.22 
Let P be the point (x, y). Its components in the directions Ох, Oy are respectivel 
> од y 
x1— 


d 
an TER 
yj=OR. 


Ф 
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By the definition of the sum of two vectors, it is clear that 


о л 14 
ОО + OR = OP 
EZ E 


ог, 
vis 2 : 
In other words, the position vector OP is the sum of its components along the directions of 


XY э > 2 

i + yj of the vectors x 1 VJ along the directions of the axes Ox, 

P (x, y). Sinceanytwo perpendicular 
> 


the axes. Conversely, the sum x 

Oy respectively, is precisely the position vector of the point 

lines could havebeen chosen as axes of coordinates, it follows that ifthevector.AB has components 
> > 1 р > 

AC, AD along two perpendicular lines through A, then 4B =AC+ AD. 


Note that in the definition of the sum of two vectors the construction of the parallelogram is 
really in a plane, viz. the plane determined by the intersecting lines AB, AE (Fig. 9.17). Now 


- consider a point P (x, у, z) referred to three mutually perpendicular lines Ox, Oy, Oz in three- 


dimensional space (Fig. 9.23). It is convenient to assume that the system of axes Ox, Oy, Oz is 
a right-handed system in the sense that a rotation (in a plane) from Ox to Oy or from Oy to Oz 
or from Oz to Ox is anticlockwise with reference to Oz, Ox, Oy respectively. Let P, be the foot 
of the perpendicular from P onto the хОу plane (Fig. 9.23). Let Q be the foot of the perpendicular 
from P, onto the axis Ox. Then, by the definition of the coordinates of P,we һауе 


> 2 => FAR - 
Бф: QP =y) OÓ =x? 


2 


Р(х,у) 


Fig: 923 
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2) 
о оскол 
Hence, ОР,-хізуу Since P,P =z К, it follows that 
> > ә 
ОР=ОР,+РР=(хї+уў'у+:Е 


=> 
=xi'+yj +2k. 


Inthe penultimate step there is no need to 


put brackets since vector addition is seen tobe associative 
as shown below, i.e. 


(а+Бу+с=а+(Ь+су 


FID à Д 
for any three vectors а, b, z This is clear from Fig. 9.24 with the interpretation of sum of two 
vectors through a triangle of vectors. 


Fig. 9.24 


Note 


5 > 
We tacitly assume that 0 —07 + бог 9” = орх, орно 


ГА as ће case may be. By the way, 
the use of triangle of vectors simplifies the proof of commutati 


vity of vectors as Fig. 9.25 shows. 


5- D 


a+b, NE | 
b+a 
5, 
== 
A B 


Fig. 9.25 


wd 
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In this figure AB and CD are parallel and АВ = CD. CD also represents T besides AB. It 
5 E 
turns out that ABDC is a parallelogram and so АС = BD, i.e. [АС |= 189 | The directions of 
> > 
AC and BD are also one and the same. These observations are consequences of the fact that AC 
and BD are parallel to each other. To see this consider the triangles ACB and DBC. In these 
triangles 
AB=DC, 
CB is common and Z СВА = 2 DCB (АВ || CD). So these triangles are congruent and hence 
ZACB= 2 DBC 


which shows that AC || BD. 


Distributivity Property (i ) 
Let us now consider addition of scalar multiples of thes same vector. Let a, В be scalars, i.e. real 


numbers and let a Tbe а vector. As in Fig, 9.26, let AB be the vector a. 


> 
a аа-АС В Фас0 
T S8 5 С 
Fig. 9.26 


AM: begin pie let a, В be pone Then « ais given вулд which is in the same биен 


аз 18 such that 142 [= | АВ 1 To consider 22, we choose the initial point С. t= pz 


then by the law of triangle of vectors eyes 
аа + Ва= АС + cb 


- AD. 


14 |-асьср-а12168 121 
=(a+f) 121 


Now, 


5-2 > 22 38 сау тх 
Also the direction of AD is the same as that of a. Thus, АД = (а + В) а by definition of scalar 


multiple of a vector. Hence, we have 


(a^B)a-ad «pa 
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It is clear that this relation holds even when one or both of a, В are negative since -aa-a са) 


[See 59.2 (ау! 


Remark 


Wecallvectors а, œ a which are in the same direction or opposite directions as collinear ог parallel 
vectors. 


Distributivity Property (ii) 

Next we consider the scalar multiple of the sum of two vectors. If a? Р are two vectors and a а 
non-zero scalar (assumed to be positive to begin with) and if a Bare Tepresented by AB. Be 
respectively and o a a Pi by АВ. DÉ respectively as in Fig. 9.27, then 


AD labli DE lazi 


ZEE Tome We 


Also BC is parallel to DE. The triangles CAB, EAD are, therefore, similar. To see this, let 


Ере the point at which BC meets AE and note that in triangles АВЕ, ADE, BF || DE апа A isa 
common angle. So these two triangles are similar. Hence, 


DE Ар 
ВЕ КАБ” ТУ 
DE 
ie, B= 220 


AE Ар 
Zi e 
Pas AE=aAF 


rad > 
Le. 148 |=а [d 5 | 


! 
i 
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Fig. 9.27 


> 
Also, the direction of AE is that of at b. Thus, 


> 
АЕ-а(2%й)-а?жа?. 


It is much easier to prove that if a, аге scalars and аі a vector, then 


a (fd) = (98) 


This is left as an exercise to the reader. 
We shall now summarize the properti 

we have introduced, viz. scalar multiplication and addition. 

tion of addition (+) of two vectors. 


es of the two operations on the set of all vectors V which 


(a) Vis closed with reference to the binary opera! 


(b) 0 is the identity element with respect to +. 


(c) Every element a’e V has an inverse - @ with reference to addition such that 


A 
2+0 0)=-а+2-0. 


(d) Addition of vectors in V is associative. 

(e) Addition of vectors in V is commutative. 

(f) For each scalar о (in the field of real numbers) and for each ae V,aae V. 
> 

(в) ForeveryaeV, в2-012-а a(g?) = (ap) а for any two scalars о, Д. 
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(h) For every а, бе Г, a, Ве R the following distributive laws hold: 


(аз f)a -aa* fa 
> 
а (@+ р) = ча ав. 


These properties have motivated the abstract definition оға vector space or linear space and 
a study of such abstract spaces entitled linear algebra. 


The properties of the set or space of all vectors.in two dimensions makes it easy to add two 
vectors or to multiply a vector by a scalar when the Vectors are represented in terms of their 


projections on a pair of rectangular axes. For example, if D Fare basic unit vectors in aplane and 
а-а? p-yPeap* 
are two vectors, then 
EN 
a@+b=b+ a= (ait Bj”) + РЫ) 
Hai +yi + Bj +87” 
= @+ү)??+ qn 
This means adding а, ? component-wise. Again, if ņ іс a scalar (i.e. a real number), 
nai 7) = na T Bj? 
Component-wise addition and scalar muitiplication holds for 3-dimensional vectors too. If 


d-oiepBpeyR, Baars ур. 


then 

> > > > 

@+һЬ=(ої+ A+ ait fff yg 
- 4 

(0+0) +00 + 8) ey) 
апа 

> — 

na=n(ai + fj *yE)e qa гүй 

Definition 


Two vectors a b #0 in 2 or 3-dimensional space are said to be linearly dependent if and only 


if their exist non-zero scalars а, A such thata + Bb =6, oz? + B БӨ je a ir i 


of Pand 5? 


2 


2 
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If they are not linearly dependent, they are said to be linearly independent, i.e. 


аа’+ ВВ= 0— «= fi- Oifz, В аге linearly independent. 


Note that the form a= 27+ 37 a linear combination of the vectors р 223 Ifb= 47% 6. J, then 
SS gene >. 5 2 ps 
2a — b = 0, so that a, b are linearly dependent. In fact, b = 2 а бо that, according to an earlier 


defitiition, a; В are collinear vectors. This is more generally true in 2 or 3-dimensional space 
as the following result shows. 


Some Important Results 


= 
(iy fa, b are two non-collinear vectors, and ой + Bb -0, then а, В = 0. 


Proof 
> > m 
[fc а'+ fb = 0, then «a^ — B b If a = 0, then qd is which shows that the vector a^ is in the 
maci Bi B. à E lens > B 
direction of b. if | [zs is greater than Oor in the direction opposite to that of b if |- — | is 
a 


less than 0. If 7—0, then a а= Owhich shows that «= 0. Thus, ifa, 8+ 0, then @ Bare collinear 


being т the same direction or in opposite directions. Thisis contradictory to the hypothesis. Thus, 
a, ff are both 0. 


We have also the result: +. 


(ii) ` Given two non-collinear non-zero vectors, every vector in the plane determined by them 
can be expressed as a linear combination of these two vectors. 


Proof 

If п, p are two non-collinear non-zero vectors, we can assume without loss of generality that both 
ала b have the same initial point, say О. Let their end points be А, B respectively (Fig. 9.28). 
Any vector Әп the plane determined by а, Dr can, again, be assumed to have O as initial point. 
If. X were the other terminal point of the vector X» from X draw lines parallel to O4, ОВ meeting 


ОВ. OA respectively at B,, 4,. Then, by the definition of the sum of two vectors 


> > 
OA, + OB, = 
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тгл > > > 
Now O4, and ОА, ОВ, and OB 
real numbers о and P such that 


Fig 9.28 


are pairs of vectors in the same direction. Hence, there exist 


> > > 
ОА, = 904, ОВ, = ВОВ. 


Thus, 


> 
?=оОА 


and» has been expressed as a lin 
can be expressed as a linear co 


Note that о, may also be перді 


negative. Draw for yourself. figures 


л i => 
ear combination оға ап 
mbination of two non-c 


> 
+ ВОВ = ag ВВ 


а» Thus апу non 


"Zero vector in a plane 
ollinear vectors of 


the same plane, 


itive, Fig. 9.29 and Fig. 9.30 illustr. 


: ate how с or 2 сап be 
in which both a and В are negative. 


Trivially, 


И 
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The meaning of the result mentioned as (ii) above is that given any two non-collinear non-zero 
vectors à? b, any other vector in their plane, say 2718 of the form 
> 
2=аа+ Bb (*) 


ЭХ 
for some о and £. If we now define three vectors a, ы cin 3-dimensional space not allo, notwo 
of which are collinear, to form a linearly dependent system if there exist scalars о, 2, y such that 


aat B B+ ye = 0, 
then (ж) shows that 
2-аа- B b= 0 
or that any three such vectors in a plane are linearly dependent. We can define any three vectors 


to be linearly independent if they are not linearly dependent e.g. р STA Ре unit vectors in three 


mutually perpendicular directions are linearly independent. In fact, three vectors a Di Саге 
linearly dependent if and only if they lie іп a plane. 


. H = "n 
To see this we note that if a, b, Care linearly dependent, there exist a, 2, у not all 0 such that 
аа 85% Y 2-0 


So, На # 0, 


i.e. d is in the plane determined by b, c 


This can be restated in the form of the following result: 
Three vectors in space are linearly independent if and only if they are non-coplanar. 


We have also the result: 


Ln B >, 
If 2 9, 2 are three given non-coplanar vectors, then any vector v is a linear combination 


ай” ВВ + уё о/ ава where а, В. у are scalars. Also this representation is unique. 
Take any point O as origin for vectors. Let 
=> > = 
OA=2. ОВ=Ь. OC =e, ОБ=У 
The lines OA, U.3, OC being not coplanar, determine three different planes 


BOC, COA, AOB 
when taken in pairs. 
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Through P draw planes parallel to the three planes BOC, COA and АОВ meeting ОА, OB and OC 
in L, M and N respectively so that we obtain a parallelopiped having OP asa diagonal. We have 


— 
У =ОР 
> > 
= ОГ + LP 
МОСУЛ sively э, 
= ОБ + [№ + N'P— OL + OM + ON. 
There exist scalars a, 2 and y such that 


> > +> re 25594 
OL =a Of =a? OM - BOB - BP. ON - 4 00 - 42 


Thus we have 


We have, then 
25 
a qd ВЬ+үс= аа + В'®+ ye 


ie., (a — a) а (8- B^) b (y- y) e 


If a. а = 0, we have 


Fig. 9.31 
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Note: (i) A consequence of the result proved above is that any 4 vectors in space are linearly 
dependent. j 
(ii) Three non-coplanar vectors in 3-dimensional space or two non-parallel vectors in 2- 


dimensional space are said to constitute a basis for the space of 3-dimensional or 2- 
dimensional vectors respectively. {1, 5 Е}, 227) are basis for the space of 3- 
dimensional vectors ánd 2-dimensional vectors respectively. Note that any other vector 


other than these is expressible as a unique linear combination of(i jj Еу or (i? 7} 


as the case may be. 


Example 9.5 
Find the coordinates of the point which divides the line joining (х,у, 21), (5, Y» 2,) in the ratio 
т: 1. 


Solution 
Let in Fig. 9.31, P be (х1. Yp 21), Q be (x, У, 2) and R be (x,, уз, z,) оп PQ such that 
РК: КО = т: 1. 


Р(х,у 21) 


В (х, Уз» 23) 


[0] 9(х,у,2) 
Fig. 9.32 
By the definitions of sum of vectors and scalar multiple of a vector, 


ВоВ = —— OP 
+ = = 
per «03 
э э =. 1 > 
QO + OR - QR - QP ... (9.4) 


т+1 
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Multiplying (9.4) by m and subtracting from (9.3) we get 


Э 0 у Уу 
RÔ + OP—mQO-mOR=0 


> > > | 
125 OP + mOQ - (m* 1) OR - d 
1 CONES > 
ie., ОР + тОО = (т + 1) ОР 
i.e., (ах тх,) T+ (у, + ту) J+ (2, + mz)k 


2+ 1) x, 7% (т + 1) y, 7 (m+ 1)2,К 
i.e., x, + mx, = (т + рх, 
Jı * ту, = (т + Dy, 


Zi + mz,— (m 12, 


x, + тх. + 
5 22021 2 Уул ту, 2+ mz 
Les > әйт a re 2+ 
l+m Іт 3 ТЕРУ 


Note that, іп terms of vectors, 


ards АЕ уу 
(т+ 1) OR - OP 4- тоо 
irrespective of what О is. 
Note : Deductions 


If the ratio is not given explicitly in the form m : 1 but is in the form m, : m A 
1: M, We can set m =—— 


The coordinates of R(x,, y,, 2,) are then given by "m 
m 
1 m 
SE x = т 
1 т, 72. + m 2% =. 
XN C WS ал” m, ? 
3 Я 22 S а 
1+ — А т 
ep 1 1 
т, т. ар 9 
2 т, 
or what are the same as 
ер 
RE тух + тух, eas m,y, +m y, mz ma 
3 :J347 - 2 
то tim P ndm eus 
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ЕР Q5. Ys ту) is the mid-point of PQ , then the coordinates of R are the means or averages 
of the corresponding coordinates of P and Q, i.e. 


Roi ETT OA 232, 
Жат ‚= QA 2 
2 2 3 2 
Р о SR 
Fig. 9.33 


Remark 


PR 
tended to th X р К ; 
R may be extended to the segment РО such that (as in Fig. 9.33) RO Q =m (m necessarily grea- 


ter than 1). In thiscaseR issaidtodivide РО externally inthe ratiom: 1. Given PŒ, yz ), OV p25) 
acan find ine" coo eea of R іп. this case too using vectors. In this case m >1 Ag 


PR т Е 
12-22 бо ћаі РА = РО + ОК = m QR ME О “ays 
RQ 1 О + QR = т QR or PQ = (m — 1) ОК oro NET 20 Q 


divides PR internally in the ratio (m — 1): 1. "Thus coordinates of R can be found using this fact 
If R is the mid-point of РО and O is the origin of vectors, note that : 


The following examples show how vectors could be used to prove some geometrical results. 


Example 9.6 
Show that the line segment joining the mid-points of two sides of a trian, eis parallel : 
side and is half its length. gle is parallel to the third 


Solution 
Let А of AABC be considered as the origin of vectors (Fig. 9.34). Let B,, C, be the mid-points 


of sides АВ,СА respectively. Then 


ТНЕМАТ!С$ 
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EZ ur MES AES 
Now, CB, -CA* AB, - CA- BÀ 
> I > 125 
Le., СВ, = — СА — — BA 
2 2 
1 > > 
= — (CA - BA) 
2 
1 ей 
= (СА + АЗ) БП] 
23 
The above equality shows that CB. B, and C БА 
Further, CB = Ісі, |-> 18С "od 


Example 9.7 
Show that the diagonals of a quadrilateral bisect each other if and only if it is 4 parallel 
ogram 


е tud 


Fig. 9.35 
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Solution 


Let ABCD be the quadrilateral and О be the point of intersection of AC and BD (Fig, 9.34). Choose 
О as the origin of vectors. О is the mid-point of AC and BD if and only if 


= > Я. > 
OB=-OD апа ОС=-ОА. 


Equivalently, 
> > > > 
OB - Ob - 06 * OÀ - 0. 
> > э ә 
or, OB — OC = ОА - OD 
> > 
ie. СВ= рл 
Also, equivalently, 
Уз, су аа 
OB — ОА = OC - OD 
> > 
nes AB= DC. 
Remark 


We have incidentally proved that in a quadrilateral ABCD, the diagonals bisect each other if and 
only ifa pair of its opposite sides are parallel and of the same length. Also we have proved that 
a quadrilateral in which a pair of opposite sides are parallel and of equal length is a parallelogram. 
Example 9.8 k 

In Fig. 9.36, ABCD isa parallelogram. Е, Fare mid-points of BC, CD respectively. AE, AF meet 
the diagonal BD at О, Р respectively. Show that P, О trisect DB. 
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Solution 
А fe ста 
AD + рЕ= AF — AC + CF. 
89 > > э > 29 
2AF =AD+ DF+AC+ СЕ 
> > => > 
=АР+АС since DF-— CF 
> > 
=4D + AB + BC 
=> > Er 
) 2АЕ+0  24D*AB | >. > 
ie., 27208 = NM un since AD = BC (ABCD being a parallelogram) 


Treating A as the origin of vectors, it follows 
the line segment joining the tips of the position у‹ 
in the ratio 2 : 1 same as the point at which the li 


(see the note to the solution of Example 9.5) that 
ectors B and D has the point at which it is divided 
ne segment joining the tips of the position vectors 


F and Л (i.e. origin) divided in the ratio 2: 1. In other words, DP =— BD 
5 ў 


shown (give the details) that 


DQ: OB=AQ: QE-2: 1. 


It is similarly 


1 
Thus, DP = BQ = BD and hence DP = BQ = PQ 
as required to be shown. 
Example 9.9 Y 


Prove that the three medians of a triangle meet at a Point called the centro; , 4 
1 ч : оа 
divides each of the medians in the ratio 2 : 1. ofthe triangle which 


A 
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Let G be the point on the median through the vertex A of the triangle ABC (Fig. 9.37) such that 


АС: GA, =2: 1, А, being the mid-point of BC. Let O be the origin of vectors. Now 


> > 2 5 2 
СА = GO + ОА = ОА - OG. 


Similarly, 
> > > 
А,С=ОС- OA,. 
Also, A, being the mid-point of BC, 


> 1 > > 
ОА, Бы (OB + ОС) (See note under Example 9.5). 


Hence, 
2,0 ee ae 
A,G - OG - m (OB * OC) 
> ә, 
But GA = 24,G so that 


> > 2 
СА -ОА-ОС 


> >> 
-206-(0В%0С) (from 9.5) 
> 5 ә > 
Thus, 30G = ОА + OB + OC 
> > > 
->  OA-*OB-«* OC 
or ОС ; 4 
: | 3 


If G, were the point on the median BB, such that 
ВС, : GB, 72:1, 


the same argument would show that 


=> OA + OB + OC 
0G,= i 


... (9.5) 
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In other words, G and G, coincide. By considering the third median we conclude that all the three 
medians pass through the point G such that 


> > > 
> OA+0B+0C 
OG = 


and which divides each of the medians in the ratio 2: |. 


Example 9.10 


Find the lengths of the sides of the triangle ABC whose vertice h iti 
еа BEGGS: S have position vectors 


Solution 

If O is the origin, from Бір, 9.38, 
> > > 
ВС -ОС-ОВ 


-3r*6j-3k -@?+з?+2 Р) 


=-Р+3]5Ё 
2 | BC |= length of the side ВС 
ЖЕП? 35—525 
о 
А 
В с 
Fig. 9.38 


Similarly, Жу % 
СА = |o4 -OÈ | 


= осот 8k | 
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=V + 2+ 8 = V68 


апа 
> > 
АВ = |ОВ-ОА | 
> 
= |; лагы 
= 2+ 12+ 32 = ҮП. 


Example 9.11 
Show that the three points whose position vectors are А (-2, 3 5),В(1,2,3), С(7,0,-1) ar 
‚2, 2), 24,3) СО, Уг е 


collinear. 
Solution 
шере ina plane. In that plane ifAB+ ВС= АС then А, B, C will be collinear points. 
AB = 14В |= |37- 7-271 
= Fe P42 = 4 
Bc = |BC |= |67-27°-4F | 
= 162+ 22+ 4 = ү56= 214 
са = 164 |= 1-9? «37^ «8E 
= 49x38 = V126 = 3714. 
So, AB * ВС = CA. 
Note 


It can happen that BC + CA — AB or CA * AB — BC for A, B, C to be collinear 


Example 9.12 
Show that the points А (6, -7, 0), B (16, 19, —4), C (0, 3, -6) , D (2, 5, 10) are such that AB 


and CD intersect at the point P (1, -1;2). 


Solution 
> 
АР = |АР |= |-5 7+6 7+2 | 
= ВЯ = 5 
> 
РВ = |PB |= |-15 +18 7+6 | 


= 152+ 187+ @= 3465 


> 
АВ = [АВ |= |107- 127-47? | 
= VI0+122+ 4 = 2 V65. 
So РА+АВ=РВ. Hence, P, A, B are collinear points. Likewise 


> 

СР = |СР |= уаз =9 
> 

PD = |PD [ 2+4 2 =9 
> 

CD = |ср |= 2 + 82 + 162 = 18. 


So CP + PD = CD. Hence, C, P, D are collinear. Therefore, АВ, CD pass through Р. 


Example 9.13 
Write down the equation of the line through the points P (x. 
Solution 


The position vectors of P and Q are respectively 


A 175 
OP=x,i ЖИЛ tu, 


cis. - 
OQ=x,i+y, j +2, 
If R is any point with position vector 


[4 
Ж 
[4 


22 > 
OR- xi *yf*zk, 
then there exists a real number А. such that PR : КО= А: 1. Then 


> > 2 - - 
хі t yy + + MT y je 29 
1+), 


> > 
х?+уў'+:к =OR = 


rJ, 2) and Q сэг 25) 


MATHEMATICS 


VECTOR ALGEBRA А " 


Hence, 
х= x, thy У + №, s z + Az, 
1+A 1+А i ТУ 
À 
ie x-x 7 uU Соло) 
3, 
Ул) 
À 
Sn pm 
Eliminating Л, we get 
Casi ҮШ Уу-у в: 2-2, 
X X Xj X 22 і 


which is the equation of the line PQ since any R (x, y, z) therein satisfy these equations. 


EXERCISE 9.2 


Ша” bare position vectors of the points (1,-1), (-2, m), find the value of m for which “апа 


rid . 
b аге collinear. 


` > 
ог @of the point (5, n) is such that [а |= 13, find the value of 7. 


t3 


If the position vect 


> > 
3 еол, О ОО a ыы that АВ= CD. 
— 


4. Find the coordinates of the tip of the position vector which is equivalent to AB , where 


(i) 4-0, D, В=С, 0) 


(ii) A = (Cl, 3), B7 C2. D. 
5. ПА В, C, Dare the vertices of a parallelogram and A, B, C have respectively the following 


coordinates: 
à) (2, 3); 0. 4), (0, 2 
(ii) 2, -1), (3, 0), (1, -2), 


find the coordinates of р. 
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6. d isa position vector whose tip is (1, —3). Find the coordinates-of the point В such 
that AB =@ АҒА has coordinates C-l, 5). 


7. exit yjis a vector referred to two rectangular axes in a plane, show that 
> ә 
lx i+ yj [6423792 
Derive a similar result for а vector in 3-dimensional space. 


8. Showthat any three vectors in the 


same plane аге linearly dependent, i e. if a Р Cre three 
vectors, show that there exist а, 


B. y not all zero such that 
аа + Bo жүс-0 
What about vectors more than three in number y 


9. Showthat in 3-dimensional Space, three vectors are linearly independent if. and only if they 
do not lie in a plane. 1 


essarily linearly dependent. 
-dimensional Space with the same initial point and 
such that 


3d —2p4 2-24-1, 
show that the terminals А, B, C, D of these vectors аге со Ч : 
у Y planar. Е А 

which AC and BD meet. Find the ratio in which, p divides АС and gr ‘he Point al 
12. Find the distance between the Points 4 (2, 3, 1), В 1, 2, -3), 
13. 124, В, C have position vectors (2, 0, 0), (0, 1, 0 0. 0, 2), show that ДАВС is isosceles 
9.3 Products of Two Vectors 
Two products are usually defined be: 

(a) Scalar or dot product (inne 

(b) Vector or cross product. 


tween two vectors. They are 
T product in the abstract form) 


(a) Sealar Product or Dot Product of Two Vectors. 


Definition 


- > { 
If 2—a, P+ a, Е B= b, Pe Б.) are two vectors in a plane TMerred'oa pair of rectangular ay along 
es 
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opt NET S : srt 
whose positive directions і, j are unit vectors, the scalar product а · b is defined by 


>> 
a:b=a b, + apb, 


If, on the other hand, 2 are vectors in 3-dimensional space with а = ait aj'* af, b=bit b j+ bk 
with reference to a right handed system i) v Y of basic unit vectors іп mutually perpendicular 


directions, then 2 p is defined by 
a: b= a,b, + a,b, + ab, 
Ё a э т, > >. 
The binary operation of (a, b) — а · b is called scalar multiplication. 


* Let the position vectors of a; 5 make angles 0,, Ө, respectively with the Positive direction of 
no 
the x-axis (in case d, Ђ are taken to be vectors in a plane), the angles being measured from О. 
om Ox 


in the anticlockwise sense (See Fig. 9.39). Then, 


ду m 
cos 0, = sin @ 
а-а ct un 
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In the preceding expressions, we can write 


Then, 


Thus, if we define 6,- 0 = 8tobethe anglebetween aand? then intermsofthe Scalar product 
ab 
Iz | [Р] 


cos 0 = ... (9.6) 


If we define the angle between тапа Ро 


anticlockwise sense to become collinear with 


Again, from (9.6), we have 


be the angle through which ais to be rotated in the 


ER 
b, then (9.6) gives the expression for this angle 0. 


Alternative Definition 


iz ате non-zero vectors and if the angle between them is 9 the 


na "Ds defi 
A ned by 
a:b I2 MP |сов ө 
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If one or both of a? b is 0, then 2- В is defined to be 0. 


ER 
In the first instance if we have 2,5» 0 and а, D are in perpendicular directions then 


T > 
Cao so that 7- b = 0. 


Е of >> ON В А 
Note that the original definition of a · b holds even when one or both of a; Ь are 0. The 
> 
alternative definition, however, shows that the value ofa: b does not depend on the choice ofthe 


basic vectors i? 7? 

We adopt the alternative definition in 3-space too though we have reconciled the two 
definitions in the case оҒ co planar vectors. For, according to our convention, two vectors can be 
considered to have the same initial point and can, therefore, be assumed to lie ina plane. So we 
could have referred the two vectors to a pair of rectangular axes in their plane. This justifies the 
use of the alternative definition in 3-space too, provided it is shown that the change of the system 
of basic vectors in mutually perpendicular directions does not affect the value of the scalar product. 


m PCR „ва 5 
To see this let i’, j’, А” be basic unit vectors in three mutually perpendicular directions obtained 


by rotating the system 38) ЇЕ F bodily around origin. 


Let 
SET RN 
DITE XE ik 
EE DS 
I EJE] ЫЕ 
KEKER +k R 
Then 


= (aj, + aj, * aki". л (ai, + aj, талу) 
+ (aj, aj, * ak № 
B-(bi, bj, +b) P+ (b, * bj, * bk) 
+ (b,i, bj, + BER. 


Erde И ae 
Thus, іп terms of the new system i’, j’, К’, by definition we have 


3 
a= b=) (aj, +), + a) i, bj, + be) 


„=1 
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=a,b, Gi i] із) +а,5, С) 
+ asp, (К+ kk?) (а,5,+ а,Ь) (i, j, + ун) 


+ Gib, ab) (Gik, + ЛЬ + jaky) + (a,b, + ab; (й, + ki, + i) 
э > 
арн a,b, + a,b,=a-b 


E 
as defined for the basic vectors 7, 7 k. In the above simplification we have used the fact that 


12+12+1?=]?+ 724 72 =? 224 72 _ 
Шо ЕЛЬ = 1 


ipit ij, + i,j, ЕЛЬ 575, tjak, m ++ kj, =0 


cm Ч 5 . . 
віпсе Р J’, К are unit vectors which are pairwise perpendicular. 


If Ө were the angle between а and 7, 


by definition {һе angle bei > > 
2п- 0. From trigonometry, we have tween Б and? would be 


cos (27 - 0) = cos 0. 


So a- b= 


Again, in the context of the scalar product, by the Property of th c : 
choose бо be that angle Gor 2n— O whichever satisfies the Эр y. osine function, we could 


ation х 
the smaller of the two angles 0 and 2x — 0 both being non-ne, 50< <7 or what isthe same, 


Bative. 
Note 
[2 |cos ӨС 12 |сов0) is the projection of the magnitude of? 


(d) in the directi D 
m T. ие 2 Iection оғ. 
the scalar product а · b is positive or negative or 0 according nofd(b). Also 


za E asangle 015 : 
angle. This interpretation is relevant іп the context of the сопсері of is Ог obtuse or right 
Опе by а force, 
Definition 
FF. is a force which causes a displacements, the work done 
of the displacement with the magnitude of the compon 


E 
by Fis the Product ofthe magnitude 
displacement > (Fig. 9.40). 


sa 
е 
nt of F along the direction of the 
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LANE қ 


S 


Fig. 9.40 
Р 


aN > 
If angle between F and s'is 0, the work W done by F is given by W = 15115 вов бе) 
5 2 T 57 
If F be the resultant of two forces F, and F,, acting at the same point and causing the same 
1 => э ә > 
displacement 5: then, we have, F=F, + F, and F- s= + E) s F, Voss F, “St which expresses 
that the work done by the resultant is equal to the sum of the works done by the forces separately 


Example 9.14 


: c > >>>. 2. 
A particle acted on by two forces 4 i + 3j and 3 +27 is displaced from the point + 270 


5+ 4? Find the total work done by these forces. 


Solution 
> 
If F be.the resultant of two forces, then 
E 
Fe (47+ 37? )+Git27) 
=71 +5) 


points i+ 2j’and 57+ 47 respectively, then the distance 


> 
аї=АВ=4 +27 


КА апа B are the 


Therefore, the work done by the given forces 


— work done by their resultant Р 


> 


% 
=F-d 
= (+57) (47 +27) 


= 38 units. 
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Properties of the Scalar Product 


We have already seen that scalar multiplication is commutative ie. 


for any pair of vectors a B By definition, if В = а 0- 0 so that 


а-а-181121-12р, 


Sometimes, 4” d is denoted Бу 22. 
ЕВ .— —'ie. b has the same magnitude as а but has opposite direction to à) then 
аса у= [| [2 |cos — — [а? p. 
Next, when а % =0 
ie, Ә5-І2І IB cos 0-0 


and @ b+ 0, then this means that cos 0— 0. In other words 
п 
0- шш 
2 
since 0 < @< п as we may assume without loss of Benerality, This amounts to saying that R 
ying that апа 
pf are in perpendicular directions. In this case we say that а, a, В аге 5 


orthogonal vectors. It is clear 
that if 2, b are orthogonal vectors, then а? b= 0. Te We have 


the following Tesult: 


E: Р. ж 9. 72) ФЕ 0 if and only ifa а, 5 аге orthogonal Vector: 
5. 


Of course we have defined а”. b = 0 if either dor b (or both) 15 ў 
Ifa, Ђ are vectorsin the same direction then 
> 
4-5-12118| 
since 9 = 0 in this case too. 


>> : : : 
If i, j аге unit vectors in a plane in perpendicular directions then 
makes us conclude > nen What we have seen above 


.. (9.8) 
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If Toye Rare unit vectors in three mutually perpendicular directions in 3-dimensional 
space, then we have 


... (9.9) 


If, however, 2, b are unit vectors, not necessarily orthogonal, then 


E^ 
a-b=|a| [2 [cos 0 
=1-1cos 0— cos 9 


: > ә 
when 0 is the angle between a and b. 


We know that if a'is a vector and a isa scalar, then ad is a vector. Let? be another vector 
and consider 


(a.d )-9. 


By definition of scalar product 


when ¢ is the angle between ос дапа b. Buta'and а а have the same direction if « > 0. In this 
> 
сазе д і5 equal to the angle 0 between a апа». Thus 
(о): Бо: Б) На>0. 


Ка < 0, then æ g is in the direction opposite to that ofa (Fig. 9.41). In this case 9— л+ бапа 


cos ф= cos (x + 0) = — cos б. 
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Thus, (2): = [ай | [8 |сов ф 


= [9 | [8 | [8 |сов g 


Thus, in either case, 
(42)-5-а(8-9), 
That this is true even when a = 0 is trivial. 
We have therefore, the following result: 


> d 
If 2, P are vectors and о. is a scalar then 


(a. d)- b= T-a v) =а (а. Di ). 
More generally, if a, 2 are two scalars, 
Ly 
(2): (Bb) ap (2 Б). 
Note 


The more general result in the second part is deducible from the fi 
the latter. 1181 part by two applications of 
We next show that scalar multiplication of vectors distri 
Ын Tibut T 
more explicit: 65 Over vector addition. To be 


на. b. “аге vectors, then 
a ФҮ?)-2-86222 

Pam D Vi : 

To establish this result, let АВ, BC stand for b, cte. 


Spectivel i 
A’, В', С be the projections of A, B, C respectively in y so that AC represents 7 > Let 


the direction ofa. 
5 Э + 
Magnitude of projection of b along а’= 4’ В’ 
Magnitude of projection of c'along 2 = p с 
Magnitude of projection of E +2”) аїопр@= д, 


CAB + с. 
Thus, 


> > 


a* +2?) = (magnitude of a”) 


х (magnitude of the Projection of (р + 3 alone ? 
g a 
= 121 a B+B с) ) 


> 
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= 12 l-A B+ |@т|-В'С' (Distributive law for scalars) 


= [4 |- Projection of 6 along a” 
чн 12 |- Projection of c'along a” 
225,22 

=a" b tarie 


B 


A' B' & 
Fig. 9.42 
Fig. 9.42 has been drawn in such a way that the vector a makes acute angles with both the 
vectors 5? c? Check up that the arguments hold even when one or both of these angles is obtuse. ~ 


Because of the commutativity of scalar multiplication, we also have 
> > 
(ар) CHa cb. c 
Remarks 


Addition of vectors being associative, the sum of vectors а, пиг, а, is well defined. By finite 
induction on n the result about distributivity of the scalar multiplication over addition can be 


generalized to 
a (@+a,+...+@)=a-at+a-a,+...+a°a, 
Also 
E CrP =a cg ea, 
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noting that there is no need to put brackets since addition of vectors is associative. In particular, 


@+B)- a B) - t Py 


since scalar multiplication of vectors is commutative. 


> > 
Note, however, that (а? b) - c? а: (b- c) are meaningless since the scalar product is defined 
эсээ. , 
only between two vectors. аг b, b"c being scalars their scalar Product with a vector is not defined 
Now, consider 


а-ә) 
We know 
a! G-2)-2 (c2) 
-2 Pea" cz) 
=2. 5+ а* (42) 
=а. b.e 
-2-5-2-2 


То sum up, scalar multiplication may be treated in the Context of additi қ 
vectors like ordinary multiplication of real number: addition and subtraction of 


5. One shoul of coi 
dots at the right places ! d, of course, not forget to put the 
If now. аГ-87үГ- 87 are two vectors i 1 fi 
> , 1n a plane referred to а ра; 
о, В, y, 5 being real numbers, а Pair of rectangular axes, 


(P+ В?) GP 87) mq P ad PPh Bi P gap? 
Ё їл | 3 
using distributivity of the scalar product with reference to Td We 


have s i 
>> >> POM een earlier that 
ЈА while т-р? о 


5о РВ) вуза, 


Thus, the rule of obtaining the scalar product in this case is to multi 


: : : ly th А 

coefficients and add. This applies to vectors іп 3-dimensional 38:23 Шилэн scalar 
Ў ple 

5 


(ai + ај + а, К ) - (a it а Ta 'k 
о : a a EY S 
1v 05 3 1 2J 3 ) bn + aa + 272 


в 
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We found earlier that the angle 0 between the two vectors a, 22550 = 0 is given Бу 


E a-b 
cos @= 
FANE 
еа > 
Ifa-aitfj 5-уі +87, then 

ay+ 88 


If ai P о, J Жа, Ў, a’ ? +a’, 27 ix а are vectors іп 3-dimensional space, we have then for the 
angle 0 between ug 


, , , 
010 1+ 0,07, + aa. 
Vait azt a$ Notte oni а 


cos 0- 


Example 9.15 


If a, b, c are the lengths of the sides opposite respectively to the angles A, B, C ofa triangle ABC, 
show that 
а? + 62 с? 


cos C= 245 


сі 


о} 
б 


à 
в 
Fig. 9.43 
Solution а Жыз 
Let a; AA се the vectors BC. CA, AB сосе ач as in Fig. 9.43. 
Then ві = = -48 зат; 
> 
=a+b. 
So S) cg] nd, 


э э. 
=а@2?+2@Б+Ь°? 
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ч 
=а?+2аЬ cos (x- C) - b? 
ie., c = а2— 2ab cos C + p2 a 
since the square of a vector is the square of its Magnitude as observed earlier. Н 
. Hence 
22-02 
cos C= - 
2ab 
Remark 
Тһе above formula is known as a cosine formula for a tri ; 
at 
ORBE папе. We һауе the companion cosine 
+ 2 
cos А = 
2bc 
+ а?— b2 5 
cos В = 
2са 
Example 9.16 € 
Prove that the vectors 
a= 2+ 4 
2% 
5-Г--3Г 
с- Ti - а?» Тр 
are at right angles to each other. 
Solution 
>> 
4:5-1%2-3-0 
e 
5-с- 7-4-3- 0 
23.2 
c-a —7—84 1-0 
so that a? B é are at right angles to each other. 
Example 9.17 | 
Find the area of the triangle formed Бу the points 2.7 


A Ы LBS CDM С-0,3,1) 


with reference to a rectangular system of axes. ® | 
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Solution 


А0111) 


If O is the origin (See Fig. 9.44), 


So 


Hence, 


a 


li 


и gw | 
и 
MES 

& 

452 


~q 
+ 


181 ЗУ 


a 
о 
1 
о 


The angle between AB and BC is given by 


So 


The area of A ABC 


cos B= 


9,3,1) 


АВ: BC 
ЕЕ 
148 | IBC | 
-3 -3 
КИН АУЗЫ 
A ef me] 
in B= (1 со B ^ —- 
sin B= V1- co: = 
рег HE 45 46. 17 
Tg GC BD 2 Ло 
1 
= — 01. 
5 X21 
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Ехатріе 9.18 


Show that the altitudes of a triangle are concurrent. 


Fig. 9.45 


Solution 


Choose any point O of the plane of the triangle as the Origin of vectors as in Fig. 9.45 Let ABC 

be the triangle, the position vectors of whose vertices 4. В.С are а’. 2 respecti : : ээнд 
Ы 39, ively. Let 

the point of intersection of the altitudes through А and В ang let? be the 


Position vector of Р. 


> 
Now, BC =o" BAP 2 daa pe 
so that (р-а): (с-Ру=0 
> ә 
Similarly, BP |. CA so that 
(р- Р) д (2—8) =0 


Р С-5-2-2) =a @-Р =F Gane 
іг, а para ah a N 
ie, Р @-В)- eg = 
I6, p- à): ag -0 
i.e., e.g -0 


This shows that 
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Example 9.19 


A tetrahedron is a three dimensional object with four faces in the form of triangles as shown in 
Fig. 9.46. Prove that if in a tetrahedron any two pairs of opposite edges are perpendicular, then 


so is the other pair. 
A 


Fig946 С 


Solution 
5 3 H . => 
AB, CD; AC, BD; AD, BC are pairs of opposite edges. Assume that AB L ch, АВЕ 80. If the 
position vectors of А, B, C, D with respect to some origin О are respectively a. b. c. d'we have 
E 
(Ф -2)-(d-c)-0 
— 
a-a со 


Adding both the equations and using associativity and distributivity we have 


E 
ра eaa- draer  с ал атс ч 0 
167 Ф(ё-2)-5-2-2)-0 
іе, @-@):@-b) =0 
e e 
Рел AČ- BD =0. 
This implies 
AC 1 BD 


as required to be proved. 


Example 9.20 
Prove that an angle in a semicircle is a right angle. 


Solution 
Let BACbeasemicircle whosebinding diameter is BC, O being the centreofthecircle. (See Fig. 9.47). 
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БЕ ТИГЕН ТОТ С 


Fig. 9.47 
To prove that Z BAC is a right angle, take О as the origin of vectors. Let a, 0,2 be the position 
vectors of A, B, C respectively and consider 
> > 
BA-CA=@- b)-(2 - 9) 
> 
= (2- Р): (d^ B) (since OB 
=2-Р=Р-Р=0 


> 


> > 
where ғ is the radius of the circle. So BA 1 CA and the result is proved. 
Example 9.21 
Show that the points whose position vectors are 
PARMAR Rear oy Amy Ly cy 
a-cái-3j*k,b-2i-Aj*Sk,c 51-2) 
form a right triangle. 


Solution 
Let the points representing the given position vectors be TespectivelyA, B, C аѕ shownin Fig, 9.48 
Let 9.48. 

A 

> 

Fig. 9.48 6 с 
В ri 
О be Ше origin of vectors. T 
> - 

Now, AB =b -d =- 2—]+4К 


У 
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СА =а-с = 3-27 +k 


y > 
Note that AB + ВС + © = =0. Thus, A, В, С form a triangle. 
> > 
Now, АВ-СА -(CC2?-j'e4P )- GP -27 +R) 


=-6+2+4=0 
Thus, 2 BAC is right angle. 
Hence, ABC is a right triangle. 


EXERCISE 9.3 


1. Constant forces 27> 57% Gand -i Е 2 act on a particle. Determine the work done when 
the particle is displaced from a point 4 with position vector 47 372. toa point B with 
position vector 67 P; -зр d 

2. А ыт acted on by constant forces 4 4i Jj 3k and зг Pe Kis displaced from the point 


Pe2p 3k to the point 57 + а?» X Find the total work done by the forces. 
3. Prove that the diagonals of a rhombus are perpendicular bisectors of each other. 


4. Findthe work done in moving an object along the vector 3*2 qx m ifthe force applied 
is F= 2. 28: - р 
5. If @is any vector in space, then show that 
@=(@ PTA РРР 


6. Show that 


1 1 : =. 
= Qi a+ 4,- (37-6 + 2027 (6 + 2? 3) 


are mutually perpendicular unit vectors. 


7. Prove that 
cos (А + B) = cos А cos B + sin А sin В. 
[Hint: Take unit vectors making angles А, B with the positive side of the x-axis. Their scalary 


product is cos (А — B).] 
Prove that the cosine formula for triangles is equivalent to the definition of the dot product. 


[Hint: If OAB is the triangle and 2 ОАВ = @ by the cosine formula, 
AB?= OA? + OB? — 2 ОА - OB cos Ө. 
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> = р 
But Ав: = |АВ P= |oB- ОА | 
— > > > 
= OB? — 204 - OB + OA? ] 
9. Ifthe verticesA, B, СоҒА АВС have position vectors (1,2, 3), (-1,0,0), (0, 1, 2) respectively, 
what is the magnitude of Z ABC ? 


10. НА, B, C have position vectors (0, 1, 1), (3, 1, 5), (0, 3, 3) respectively, show that A АВС 
is right angled at C. 


(b) Vector Product or Cross Product of Two Vectors 
Definition 
Ifa. В are de Paon Ero vectors which are not parallel, or equivalently non-collinear, their vector 


product a a 5 b. in that order, is defined to be a vector whose magnitude is 127| |9 |sin O where 
0 isthe angle betweena and as defined earlier (see p. 444) and whose direction is perpendicular 


to that of the plane determined by а’апа b'in such away that 22 b and this perpendicular direction 
constitute aright handed system. (See descriptionof sucha system of mutually Аны lines 


given earlier). 19718 the unit vector in the direction perpendicular to апа р. sothat a. а, P, n Form 
a right handed system (see Fig. 9.49), 
= 12115 |sin ov 


5, 
п 
2 
12 — 
9 
Bi 
a 
Fig. ёс 


Note that Gis по! defined ҒопеоҒа dorb: ог bothis 0. since 0 has nodirection and 507715 not defined. 
In this case we may define ах p= 0. Again, if 2 and are parallel i.e. if 9— 0 ог т, the direction 


ofn is not well-defined. So in this case too the formal definition given above cannot apply. We 


may define c ax b=0i іп thiscase too. Analternative definition canbe given intermsof, representation 


ғ 
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of vectors as linear combinations of unit vectors in mutually СЕЛЕН directions іп a plane 
orthreedimensional space. Forthe sake ofillustration, let? 127 eeunit vectors in twoperpendicular 


directions in a plane. 


> >, 29 
Let а Bod. 

P-biibj. aa, b, b, ЕВ. 
We define 


EA 
ax b- (ab, ар) 
э. Я 2 2 БЭЭ 
where К is the unit vector perpendicular to i, j so that i, j, k form a right handed system. 
> 
The angle Obetween the vectors Zand b both non-zero, is given by 6= 6, — 6, where 0, and 
0, are the angles made by а, Әлевресііуеіу with the positive direction of the x-axis measured 


anticlockwise as given in Fig. 9.50. Then 


sin 0 = sin (0, — 6) = sin 0, cos 0, - cos 0, sin 0, 


PS 5, ҚА атсын h b, 
ІР| 1] lvl СІР) 
_ 196-9 
Га! ІРІ” 
М 


Fig. 9.50 
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"Thus, the definition given as alternative reduces to 
ах b= [a | [В [sin 0k, 
the positive or negative sign for sin O determining whether 28, Kform aright handed system as 
such or not (or rather deciding the direction of a x В. normal to the plane of Zand b). This is 


кч к, 
obviously the definition for a х b with which we started for 2620, But the advantage in the present 
> 
definition is that it covers the case a or b or both being (у, 


Which corresponds to а,,а,- 0 or 
b,» b, = 0 or both pairs being 0, 
% > 
Recall that the zero vector 0 has magnitude 0 and has no direction andan 


y vector having zero 
2 
magnitude is the zero vector 0. Thus, if 


а= ait а, 7 
b- b+ bp 
and “ ах 2 0 
then a,b, — a,b, — 0 
or, equivalently, 
227 232 
An a, b 
under the assumption that a,, b, = 0. We note that —2- and —2_ 


E > аге precisely (ап 0, and 


1 
gles made by the vectors a,b respectively with the 
onnection, that even the sign ofthe trigonometric 


r 4 in a,i a. j (Зее Fig. 9.51), 


tan 0, respectively, where 0, and 0, are the an; 
positive direction of the x-axis. Note, in this c 


ratio tan 018 taken care of by the sign of a 


ki 


(а,,а,) 

= я 
Е d 

we 2 

3 
БА” i 
>-- —x 
О а 
Fig. 9.51 


y 
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In the case left out, we have either (i) а, =b, = 0 or (ii) one of a, b, = 0. 
A EE 5 >. 
Incase (ра =a,j,b = Б,75о that 2; b аге along the y-axis in the same or opposite directions 
according as а,, b, have the same or opposite signs. 
In case (ii), let for definiteness а, = 0. Then = a, 7 Leth =b? b 77 By definition 
> > > ^ x 22 
ax b=—a,b,k 
> >. p 
and if? x b=0 either a,=00rb,=0. Ifa,=0,thena=0, If on the other hand, b, =0, БЭР 75 Since 
„б=б„]. 
Ф- aji it follows that 2) Б аге parallel. Thus, we have the result: 


Result Є, EN 
E I = 
На’ b are non-zero vectors and axb= 0, then агаад b. are parallel. 


E 2 э ә 

If а b are vectors such that a х b = 0, then one of the following occurs: 

(i) а,бж0апа Gib are parallel 

(ii) a=0,b40,a% 0,5-0 

(iii) a, b — 0 
These observations lead us to the conclusion that: 
If Gand bare two non-zero vectors such that ах 9-0, then d'and b are either in the same direction 
or exactly opposite 10 each other. 

The second alternative in the above assertion is illustrated in Fig. 9.52. To sum up, in the 
same way as the vanishing of a “È helps to conclude the orthogonality of a and b, the vanishing 


> > > = s 
ofaxb helps to conclude that а and b are parallel. This result is true for 3-dimensional vectors too. 


Ул 


9 

ж 
^ хе? 
ж“ 


(5,5) 


Fig. 9.52 
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We now establish some important properties of the vector product: 


(i) Vector multiplication is NOT commutative 


ie. axb#bxa, 
> > 
however р EaD са) 


То deal with both the two dimensional and three dimensional cases together let us take the 
definition. 


dx 9 [d | |B Isin o? 
эр, ; 5 7 > 
where a, b, k form a right handed system of vectors in three dimensions and [к 12 1,8 being the 
angle between а’апа b. Note that the angle between b and d is then 2x — бапа 
sin(2x — 0) = -sin 0 2, d, kis again a right handed system. So 
b*d- |а| [В Isin aye. 

Hence 

@ = Сря an Bx 


ХА 
а 

2% S.D > 
By the definition of a х b for two non-zero vectors a’ Б 

in mutually perpendicular directions in a plane, then 


= 
(Ле) 
5 
while ІҒ/ is a unit vector perpendicular to the plane of the two ve >> ES E 
г Е Ctors РТ 
a right handed system of vectors in three dimensional space, а Зе 


Also 


Note in the context of the assertions made just above -17-/7-2 1 n қ қ 
ES ot a right 
space. ight handed system in 


N let i; JK bea right handed syst f 
ow, let 1, J, K System of mutuall / : 
dimensional space [See Fig. 9.53 (1)). Y Perpendicular vectors in three 
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(н) 


Fig. 9.53 


Then 
mp ES 
PxJ=k, IER ТҮхі- 7 
р : а ome 
We note that a cyclic permutation of i, j, Каз indicated in Fig. 9.53 (ii) does not affect the right 


handed nature of the system. It is an easy exercise to compute the other vector products, e.g. 


э 222 + 
1; 


ixi-0, kxj-- 


2% 
(ii) Ifmisa scalar and 2 b are vectors, then 


> 
(та’) xb =? x (mb ) =т(@ xb. 
at is needed to obtain this property is the fact that a and та have the same or opposite directions 


Wh M 5 > 7 
according as m is positive or negative. m=0 makes ma= 0 and the property is then trivial. With 
these observations tue property is easily established. For instance, when m > 0 
> > 
(тау xb = [та | [В | sin 0k 


=m |2 | |b | sin Ok=m(@xb) 


25552 : гад >>. 
where 016 the angle between a and b and the unit vector k is such that а, b, k is a right handed 
system. Write the proof when m m 


(iii) Vector multiplication distributes over vector addition 


(о) ax (В+ с) = ах pe dx 
Ф @+Ь)ухё=@х gs 


(В) is, however, deducible from (a) by what we observed earlier, viz, 


2 5) х а“ = -g x Б^ 
More explicitly, 


Thus, it suffices to prove (a). This we do intwo Stages. Firg 


2 А P. 
to the plane in which b, с lie (Fig. 9.54). 


23 


о} 


b 


Эд Fig. 9.54 
Then, by the definition of vector product 2 


>> 

52 х b, axe ax Фа) 
all lie in the same plane in which Б, ©, (+. 2 lie. Si 
a x P is avector of magnitude |a| IB lin a direction ; 


MATHEMATICS 


Ifa, $, @ are three vectors, this property can be stated in two forms: 


EN 
c 


ES 
с. 


[by («)] 


t, assume that a’is perpendicular 


аса салате: 
з Bim et 
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; ЕСЕ rh he 
PM a * (b* c )isavector in the plane ofb, et perpendicularto @ d 2 IRA 
zii 2 А with magnitud 
аве Thus, ће configuration consisting of Gp an Qnem le 
) ЖЭ | Б c, is similar to the parallelogram 
given by b, c, b c when each side of the latter parallelogram is multipli > 
from Fig. 9.55. plied by |@”|as can be seen 


a — 
с 
wr. х 
axb эхх 
Fig. 9.55 


It, therefore, follows that 
E 
ах +су=ахЬ+ахё 
We now go to the зыр stage when а’тау not be Е to both БЭО > In thi 
n this case let 


7 Бе Ше Тал” of b E the direction of and b, be the component of b'in a directi 

perpendicular toa. Let Qr 7, be similarly the components of c Сіп the direction of a'and Эс 

direction perpendicular toa’ If @is the angle between а Tand b then lb, [= lb b'|sin 0. Th a 

1259 1-12115 lsin 0 ри 

21615 lsin буш 
ГЕЯ + 

since the angle between тапа bis = Note, further, that a) b, „8, lie in the same plan 

e. 
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- 223 
Similarly Z. 2, сс. OnthisaccountZ x Panda x b, have the same direction as can be seen from 
Fig, 9.56. 


Fig. 9.56 
>> > 
Hence, axb=ox Da 
OMA Ж 
Likewise ESSE 


A e. ; 
Now, a'is in a direction Perpendicular to both b, and c,. By the first stage of the proof 


2 
PY RE > э 
axbaxeh-axb ako 
> 
a 


E 
since b, + c) is the component of (5+7? 
is thus established. 
The distributivity of vector multiplication over vector addition can now be utilized to give the 
? ized to 
cross product in terms of the basic unit vectors ГР Ч 


: ) ina plane or the basic un; э-э-э. 
three-dimensional space. Моге explicitly let basic unit vectors i, j, kin 


* If d, B are two vectors and D. i 2р 22 4-16 
116, $ aretwovedors and b, isthe projection of Ёш а direction perpendicular to @ in th 2 and b 
ie. |b, |= [b [sin 8 (B being the angle between a and b),3 xb -2x7 in the plane of а an 


same. 


o 


2 
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= > 
ах Б= (a + ау x (bu 6,7 ) 
> > > > 


> > 
8 а,Ь} Рақ aby xj 
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... (9.10) 


Ris the unit vector perpendicular to the plane of Tand b'such that i; ik form aright handed 


If. 
system, then we have the right hand side of the equation (9.10) reducing to a,b Ра 
1222 И 


> D — 
ax b= (ab, — a,b, № 


which was the definition given earlier. 


ха 
bk. Thus, 


... (9.11) 


If, now, a right handed system of mutually perpendicular unit vectors is taken in 3-space and 


ээр € 
denoted by i, j, К, and if 


then 


> > 
= a,b,k + a,b; Сі) + a,b, CX) 
m4 > 2% 
+ a,b,i + a,b, j + a,b, (2528) 


> 
= (a,b, — a,b,)i + (a,b, — a,b, + (a,b, —a,b,) ТЕ 


The right hand side of (9.12) сап be conveniently denoted by the determinant 


(<> > E 
ji J k 
а, 97 а, 
Шы 702) 7 


we COPD) 


in the sense that the expansion of the determinant (treating H ER too as numbers) gives thi 
e 


expression on the right hand side of (9 12). 


470 


Leta? b betwo vectors with theangle be 
> 
as shown іп Fig. 9.57 and let OA, OB be the vecto 


MATHEMATICS 


Fig. 9.57 


tween them being 0, Let Obe the origin for the vectors 


rS d. b respectively. Then in ^ OBA, the length 
of the altitude BC from B is of magnitude 


Thus, 


OB sin @= |b | sin 0. 


1 
area of triangle ОВА = E OA - BC 


1 
UD Iz |» lsin 0 
1 
= — хр 
2 exo | 
If Dis the fourth vertex of the parallelogram formed byO, B, д then its area is twice the area 
of the triangle OBA as is well-known, 


Hence, we have the result: 


Example 9.22 


Findz «Pita =27+ 3/74 6 


Solution 


Area of, parallelogram with а, Баз adjacent sides — | 


axp | 
а, op 
VOR 
2-3 6 76*397-(4 вур Toug? 
3-6 2 f 28 
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= 427% 147- 21k. 
Example 9.23 


Find the angle between the vectors (Gi + 47), @=7 + E) using their vector product 


Solution 
Here, Git AP) x GG - 7 АТ 37-22 
> ES J 
Now, [4/2372 7k |= 12х511-12115 lsin 0=5 48 sin 0 
Therefore, V74=5 3 sin 0 


So sin 0 74 

ОБЕ ттс 
543 

Example 9.24 


Find a unit vector perpendicular to both the vectors 
> > 
@=4i-j'+3k and B= +” 2. 


Solution 
Жуст 2 ахр 
The required unit vector 15 — . The vector 
lax Al 
m Lohan wit 
- > ! J k > > 25 
Їеах |-14 -1 3 |=(2-3)i- (8+ 6y + (4-2) 
-2 1-2 
a ЗЫ 22. 
=-i+2j7 *2k. 
> >j- 
lax 8 |= 4122 749-3. 


Hence, 
1 
So desired unit vector is 27 (i+ 2j 2E) 


Note : Тһе negative of the above vector also fulfils the given requirement. 


Example 9.25 
222? 
ата РБ ж-)ьБе-із/- 2k. compute (@ 5) x cand ax (Б x 2), 


Solution 
ә > > 
ЧЭ Dt 
axis ІСІ м2 1 =(2+Di- U-V AELAD 
“16-41 


ЕЕ 
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So 


Sa: 
"Dn 
a 
(ахБухс-1-1 1 3 |-G-ste-af& cing 
пп = 
=-5i+ 72k. 
Now, 
БН 
1 
Я 
В ушбу ОЕ 
i 1752 
> 
- -14-5)-4 
So Jj +3k 
pong 
И 
-p Э. d 
[MS 2-2 51 Каю 
152 39 
НР 7%. R 
Remark Ч 
Note that (ax BY) x ге 2x bx? Му 
орегайоп. @ *©). In other words, vector multiplication is nof an associative 
Example 9.26 


Find the area of the parallelogram whose diagonals are 


а= зї+ў”- ж апа T а Ф 
Solution 
Let ABCD be the parallelogram (See Fig. 9.58). 
D 
© 
2 


Fig. 9.58 
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Now 
21521 1 
АВ алар 
2 2 
An adjacent side 
> 1 1 
AD=—@ +— p. 
2 2 


Li 


[] 
-|- -|- >|- 
Ey 
x 
n 
ae 
у 
х 
ol 
> 
x 


1 
= |а-ө?-а2%2/%С9-УХІ 


1 

р м Мой 
2 

EB SAI 

= (1+49+25) = (5 


-545 


Example 9.27 


Findthearea of tri 


iangle POR when P, О, Е have respectively coordinates (1, 3, 2), (2, —1, 1) 
(-1,2,3) with reference to а rectangular , 


system of coordinates. 
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Solution 
> > > 
РО =00- OP 
5C- 07+ ci-5; a-3E-P-AP-E 


Э 
PR =(-1 -Di + Q-3y* G-2k=-27-F4R 


1,2 > 
(аға рса POR = [pO x PR | 


256 ЕЯ 

1 7 k 

= 97 

= ah 1 
эз--1-5Г47-98| 


Ехатріе 9.28 
Prove the law of sines for a triangle . 
Solution 


Let a, zb, c denote the vectors puc bythesides BC, CA, AB reg 


pectively of, ; 
Then we know that 2+5 + © = 0 We have Yof AABC(Fig. 9.59). 


A fest Fie 
ax(atb+ 


Ш 


э > 
а 


с) 


ie. axataxb+ax? 


.. (9.13) 


Similarly, 


w 
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S 
gi 


Fig. 9.59 


Adding equations (9.13), (9.14) above and observing that 


AS Pu 
so that xb*bxa-0 
и ылу 
we have axet+bxc=0 
y 55У 
or, -egxgebxc-0 
> => > 
ог, Эхо- ёха. 


We сап similarly prove that 


So we have 
2х%-Бхс-?ха: 
In particular, 
> > => 3 
laxb l=loxcl=lexa'l 


So 
12115 [since 15 Иша = ІСІ lz lsin В. 


ХООР эрүү 
With the usual notation this reduces on division by 12115 СІ and taking the reciprocal 
a b c 


sind sinB sin С 


which is the law of sines for a triangle. 
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Remark 


Note that in the above example we have really shown that 


ас 


= eS т 5 
atbte 


э ә 
=0>axb=hxe -сха. 


EXERCISE 9.4 


1. Ша, Б, с are the position vectors of the non-collinear points 


Я, В.С respectively in space, 
show that 


P??? ә ә ә 
bxc +сха+ахь 


is perpendicular to plane ABC. 


2. Findtheareaofthe parallelogram having two adjacent sides ОД and O, 


B where Ois the origin 
and the position vectors of A, B are Tespectively = 


3. Show that 


Interpret the result geometrically. 


4. Given 
1 
а оазе) Б 


1 > › -» 1 
TTY = і —6j 2 > > 
7 7 Qi 6j +2 АС 427480), 
i P K being, a right handed orthogonal 


System of unit vectors in spac элээ 
расе, 17 
also another such system. Show that a,b 


,CIS 


. If with reference to a right handed system of mut : 3 
5 Sy utually perpendicular Unit vectors 7? 7? E 


2% 
[rs 3i- B= кр x 
= > 
express Bi in the form B= B+ B where B, 
9.4 Moment of Force about a Point 


Let Fi be the force vector and let P bea point on the line of action оғ?” Let? be th d 
of P with respect to the point О. е Position vector 
The moment of F about О is defined to be the vector 


h AM ES 
15 parallel to a and B, is Perpendicular to à. 


iy 
М-ғх Р 
- - (9.16) 
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я Fig. 9.60 
The moment is, independent of the position of P on 
the line of action of Е 
This сап be 


proved as follows: 
Let Q be any other point on the line of acion of F Р (See Fig. 9. .60) and од =? 


Then = PxF- @+PO)xF 
> 


-Px F +POxF 
-?xF+0 =r F 


э 22 = > 
( РО х x F =0 as РО and F are collinear vectors) 


The magnitude of the moment Mi is 
IF | |r |sin 0= |F | IP lsin < OPN = ІР | ОМ 
from О on the line of action of the force. The direction of th 
е 


where ON is the ее 


vector moment M is along the normal to the plane OPN such that г? Fand A fo 
2 4 form a right 


handed system. 
f a number of forces Р, F, s асра at the same point of 


If the force F is the resultant о 

where ОР =” 7'then it бай! ре ОУ that the moment of F'about O is given b 
n 

are Rare (htt. =? ЕРА у 


This gives us the generalized theorem of moment viz. 


The algebraic sum of the moments of a system of forces acting at a point about any po 
equal to the moment of their resultant about the same point. pointits 


application, Р. 


Example 9.29 
ЕЭ 
Find the moment about the point i + 2) 
НК 
=] + ЗК. 


Solution 


—kofaforce represented by 37 + kacting through the point 


> E 
Here the force F = 37+ k 

Ss RI > > > 
22QT-p*3k)-0 *2/ -k 
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The required moment of the force about the point 
(2%-27-Е)-”х P=@-37'+ 42) x G?*2)--3 пі +9R 
9.5 Moment of a Couple 


A system consisting of a Pair of equal unlike parallel forces is called a couple. 

The vector sum of the two forces of a couple is clearly the zero vector. 

It can be shown that the sum of the moments of two forces of a couple is the same about 
every point 

Let the lines of action of the forces Fand -F of the couple be the two parallel lines as 
shown in Fig, 9.61. Let A, C be any two points on these paraliel lines. 


Ma bey AON LAU AS 


C 
g. 9.61 mun 


Fi 
The sum of the moments of the forces of the couple about any Point О is given by 
=OAx F + OC x CF) 


> > 4 
-(О4-ОС)хЕ-(2,Р 


la? [= Гед: х Р | 
= НС! sin 0 |, 
= [rcu 
This constant sum of the moments of the forces of а couple is the 
i m 
Any line perpendicular to the plane of a couple is called the axis peg of the Couple. 
axis of a couple is parallel to its moment vector. е couple. So the 
Thus, the moment of a couple is a vector 
magnitude is the product of the magnitude 
between the lines of the forces. 


Example 9.30 


: > > 23 4» 
Two unlike forces of equal magnitudes 37% k and —3i —k are act at the points P+ 2 > > 
acting, ; і 


where біз the angle between Сапа F 
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and 2i — 7+ 3K i i 
215-1 respectively. Find the moment of the couple formed by these forces. 


Solution 
Moment ofthe couple (ғ, р) хі, where?, andr, аге positi і 

> 4 1 > position vectors ofthe ints О! icati 
of the forces Fand -F ae RE 


Here, 
— > 
TE eq ТЭР (ij + 3E) 
ЕР 
=> > > 
Also. F =3i+k 


Therefore, moment of the couple 
(Р 37 -4R )* Gi +k) 


-3P- 117- 9k. 


EXERCISE 9.5 


5 
| Find the moment about (1, —1, —1) of the force 3i + 4/- 5k acting at (1, 0, 2). 


i ED kis is acting through the point 51 TE 4j— aac YE Finditsmoment 


2. Theforce represented by 5 5; 3 
E 


about the point і p+ 37 + 


5 
3. Findthe moment about the point i 16:21 j —Ļofaforce represented by jk rk acting through 


the point 2 7 [^ 3j РЕБ 
> =, 
4. The force represented by by5i + Kis acting through the point 9i? Np Jk. Find the moment 
about the point 32-25 ГА 


> 
rces of equal magnitudes” +28 апа = 207 ]/—2К are acting at the point whose 


5. Twounlike fo 
Tt a + 3k VK respectively. Find the moment of the 


position vectors are given by i 2 j Pek Капа? 


couple formed by these forces. 


- => 
6. Find the moment of the couple formed by the forces 5i +kand -si- K'acting, at the points 


(9, 1, 2) and (3, 2. 1) respectively. 
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9.6 тире Products 


Leta, Б с be three vectors in three-dimensional m We have сре that the scalar product гап 


be defined only between two vectors. Thus, a “(5- 22), Юн 5) Эс Care в symbols while 


а: (5 xe), (х): С аге meaningful; of course, (a^ x %) x@ax (b x C) are also meaningful. 
On the other hand a’ С с), (а: b ) x are meaningless since the vector product is defined only 


between two vectors. Note, in this context, that > са p. are scalars. This leaves us to consider 
products of the form 


ах (bx e ), a- (bx e ... (9.17) 
Products of the form 


@xb)xe («py 
get reduced respectively to 
Сеух(2хээ, 2.2.9) 


because of the properties of the vector and scalar 


products. These are n of the f 
Thus, it suffices to consider the triple ард! e form of (9.17). 


products as they are called, in (9. 17). 
We first consider ах (bx 2’). We prove 


22 


M 
ax (bx =R- OR gy? Eus 


Assume that 4,926 are vectors іп three-dimensional 


: е Space. Note that 7- 
that the two terms on the right are meaningful. 


24:22) аге scalars so 


To prove the formula, first write 4 for the left hand side of (9.18) and note th 127 
е tha 


discas ia the plane df Bandas Thus, g, P. cliei ш a plane. This Means that the 1 
dependent (i.e. there exists a linear combination of these vectors Which equals 2 ) Sos 
TO O there 
ar system of directions j* ERE 
Tpendicular to B. andin the plane 
i JA Кога aright handed system ofunit 


exists x and y such that g= = xp + уе We now choose а 22017 
as follows: Let j jbe the unit vector along. b. Leth’ be unit vector 22 
of and” Let? be the unit vector in space such that? 
vectors (Fig. 9.62). 
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+ 
SH 


Sl 


Fig. 9.62 


Then 


r g= a а, ад 
TT > > > ЭЭ > 22. 
ax (b х ёу= (аї + a,j + a) х [by] х (ej + cy )]. 

Using the properties of the vector product, clearly 


bxd- by * eX 


- bey (since х j- 0, je xk =7). 
So ax x @)=4x b,c, 
= (а + ай + ak) x b e,i 
= -a,b,c,k + ab cj” 
= (aye, + 4303) b,j- ab, (с,7% ck ) 
=(@-2)b-@- be. 
This proves the formula stated earlier for the case of vectors in three dimensions. The case 


of vectors in two 
to two perpendicular axes in their pl 


481 


dimensions can be deemed as a special case by taking these vectors as referred 
ane together with the third axis in a direction perpendicular 


to their planeat the origin for the two dimensional axes so that the positive directions of the three axes 
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Si . К 
form a right handed system. Note in this connection that, НТ, B. k are the unit vectors in these 
directions of which 7 J are in the plane of the vectors, then 


= сї+ ej + Ok 
while 
bx = (b c,- be X 
Note further that 


ах (b x 2) = -а, (b,c, — bye) i+ a (b,c, — Бс)? 


= (ас, + asc) i+ 57)- (a,b, + a,b,) (сї + сј ) 
з(8-2)7-(2-Бу)2 
This proves (9.18) completely. 


The triple product ах (Б х 2) is called the vector triple 
this, the triple product a’ (b х 2) which isa scalar, is calle 
this scalar triple product is denoted by [abc]. 


We have the following relations: 


product since it is a vector. Against 


d scalar triple product. Sometimes 


bQxd)- Cx d)-E- dus. 
eG b= GB) do ба). ... (9.19) 
4-(5х2у- (5х2)-2--(2х%).2 


which follow from the well-known properties of the scalar and vector 


топ ң Products of two vectors. 
We know В х 218 a vector in a direction perpendicular to the plane of 5 and 2. whi 

product of two perpendicular vectors is 0. Thus, if @ Б, c+ фа lie in a plane then tonite Ч 
the latter is + 0 are perpendicular vectors so that Я ý 


8-(ёх2)-0, 


> 


Even ifb x @=0 i.e. when b and Zare parallel, а’. (5 x @у= 0, What was argued for 2 
B х Z could have been argued for ` gued for g and 


Thus 8 ФхФу-2-0х8)-0 
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zy 


> . : 

where: d, b, с аге coplanar vectors. The converse is also true provided we assume that 
me el 

р с = б. Thus, we have 


QL 


Three vectors* @,b,@ are coplanar if and only ifa" (Бхг)=0. If this is so b- (2ха), 
23 
2.-(4х5)-010.. 

Note, therefore, that for two dimensional vectors the scalar i triple product is not interesting, 
since it is always 0. In the three dimensional case note that - (b x с) = 0 precisely in one of the 
following cases: 

G) 4 Ё, care coplanar; 
фас 
Gi) one of à; b.c is 0; 
Gii) b, Zare in the same or opposite directions. 


Geometrical Interpretation of the Scalar Triple Product 


We can get a parallelopiped having the three non-coplanar vectors а, b, “ав edges meeting at a 
point as shown in Fig. 9.63. 


Now, 18» Б |= area of the parallelogram with a, B as adjacent sides and the direction 
of й x b is normal to the plane of the vectors а, Б. Thus, 


(gxB):e- laxb 112 cos 0 


where 016 the angle between апа the normal to the plane of a; b. In such a case |2’|соз 0 will 
be precisely the height of the parallelopiped orthogonal to its base containing d, b. Thus, 


(@х 5): È= Base area of the parallelopiped 
x height of the parallelopiped on this base 
= Volume of the parallelopiped having the vectors 


а, b, © along edges meeting at a point 


an Эг ЭВӨВЕГ.. 


> 
* Notethat ifa, Р, C'arethreevedtars of which 6 md care parallel. wiih our convention that the vectors can bedeemed tohaveth e same 
initial point d. b. lie in a plane, viz. the plane determined byd апай). Even in this case, besidesd- (b X 2) being 0, 


$.» 3), è (ax )=0 sncethe normal tothe plane of апа? or d and В is perpendicular to b or c asthe case may be. If 
a. b. саге all parallel they evidently lie in a plane and the criterian holds. 


484 


: Ое» X 4 
Note : We could omit the brackets in g- (b x e) and just write 2. P 2 
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axb с 
ROR 


The sign ofa dot product ofthe form q* (bx Суікипей, XS 
ie. "hanged ifa; b, care cyclically permuted, 


The sign is unchanged if the dot and cross are interchanged. F, 
- For 
а- 6х2) =@хВ).г 


As regards the change of sign the rule is that 


ехатріе, 


А breaking of a cyclical permutation of 


the three vectors bri 5 
2 5 brings 
compact notation ngs in à change of sign. 


Ina 
E [822] ггзў 
while 


I2 é5]-[e 8 а] 28] gg 


fo 


(2-5) х čis meaningless. T the reason that 


Matrix Expression for the Scalar Triple Product 


Let 


E > NE > 
=ai + =hi zh > 
алау Жа, takb ЗУ + bj ur © чек 

2 с, 
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where 5 j kis a set of basic unit vectors in mutually perpendicular directions forming a right 
handed system. Then, : 
d cuj 
5 
a@bxc=a-|b, b, 


РЕР, бр b 
P 57; а 2 З=? 1 з|> 1 217 
= (ай + aj жад) ls с, і- а е! j+ су с, k 
та, b, b, -a, b, 5, +a, b, b, 
62% 5 “4 79 SET. 7% 
2 » 
(since i-i =j TEk k=1 while? =F- R =k-7 =0) 
CH 28655 
=b b, 5, 
СО 1s 
We have, thus, the result 
ао 
а-Вхё=|ь b, b, 
BEG с 


Note that а’: bxcg-b-Cx а obtained earlier shows that the value of the determinant is 
unchanged if two interchanges of rows are made therein. This is a well-known property of 
determinants. 


Example 9.28 
Show that 


ахфхг) +В х (Óxd)* dx (dx b)- 0. 


Solution 


>? > Iu 


Left hand side = (2: &)b — (Z- b ye 


+(@-b)a-(6: ay 
-0, 


since scalar multiplication is commutative. 
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Note : From Example 9.28 it follows that 
d*(bxd) Bx@xd), 2х(4х) 
are linearly dependent and, therefore, lie in а plane. 
Example 9.29 
If. 


d-i-2/-3E, БЕГ Rande - T4 3j — 2k, 
find d « (b « 2). 
Solution 
È x t= C243) C4* Df (6- DE 

РЗ +5. 

5о 
dx(Bxz)- C10*9)7- (5+ 3) 3+2) 

MELDE 58. 

Ехатріе 9.30 


Show that a’: (а x Б) = 0 for any pair d, В of vectors. 


Solution 
5, 


2-ах5-ах2-Бьу interchanging the dot and cross. But Z 2-- 0: So d-dxp- 0 


Example 9.31 
Simplify AM 
(b+?) (c a) x (à By. 


Solution 


= 
бі 
+ 
ЁЛ 
22 
х 
a 


x 


эу 
Z 
a 


(since 4 x 2 = б) 


ay + o4 оу 
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noting that B -2 x b and other similar triple products are 0. 


Example 9.32 
If 
E > >» ээ» 2 
4--3Г-7/ 5k, b-—5i + 
are the three sides ofa parallelopiped, having а, b, Cas edges meeting at a vertex, find the volume 
of the parallelopiped. 5 


7-3,2-7/-5/-35 


Solution 
The desired volume is 
la-Bxa l= Care т 5) - (C36? 36/7 24k) | 
= |108 — 252 120 |= |- 264 |= 264. 
Ехатріе 9.33 


If 


E 
show that @, b, “аге coplanar. 


Solution 
> 2 > > > > > > > > > 
2-с коў) (37 +27 -7Е) ЧОП +6] -58) 
=@+2ў+)-(327—-20/'+8Ё) 
=32-40+ 8=0. 


А 
Soa; pi Саге coplanar since аж Запа b and С аге not parallel. 


Note: The following three examples are meant as application of vectors to geometry. 


Example 9.34 
Ifaplane has the direction ofits normal from origin as% and contains a point whose position vector 
is d, show that any point in the plane has position vector given by 


(7-8):8-0 
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^ 


Fig. 9.64 
Solution 


As can be seen from Fig. 9.64, (F- @) Нез in the plane and {5 Perpendicul: which i 
агі ! 
to the plane. This is expressed by the fact On Which is normal 


саа) 0 ... (9.20) 


Note : Тһе equation (9.20) is said to be (һе vector equation of the plane, 


Example 9.35 


Find the equation | satisfied by the coordinates (x, Wz 


Ju ) of a point on th ich i 
the vector 7+ 7+ Ё and passes through (2, 3, 4). * plane which is normal to 


Solution 
In this case 

Araj +3 ам ал ул, 
5о 

7-4)-Я-0 
» > > 

> í£x-2)i* 9 -3y*(- 4) юу Хасу Бугд 
i.e., EZE SE де 
i.e., x+y+z=9 


which is the required equation. 
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Example 9.36 


Find the equation satisfied by the coordinates of a variable poi ing i i 
à 5 point P (x, у, z) l 
which the points А (1, 0, 2), B (2, 2, —1), C (1, 1, 0) lie. bu unco 


Solution 

Since 4, B, C lie in the plane, the vectors AB, BC, CA also lie in the plane. So the vector product 
of any of these two vectors is a vector orthogonal to the plane. Hence, a vector л orthogonal to 
the plane is given by р 


> 
n=AC x BC. 
Now, 
т 22: > ES 4 
AC —j-2kand BC  -i - j- k 
Therefore, 
aire Mie 


Г 25 | 
Since РС lies in the plane, 
— 
n 1 PC and ой’ PC=0. 

Now, 

A > 3 23 

РС=(1—х)ї +(1—у)] + (0-2) Е. 
Thus, we һауе 

(1-х) 0) + (1 72») G2) + (0-2) (1) = 0 

ies х-2у-2+1=0 


which is the required equation. 
EXERCISE 9.5 


ik Prove that the normal to the plane containing the three points whose position vectors 
are a, Ь, с lies in the direction 
Ёхё+ёха+а@х. 
5 5 
If p, d, 7 denote the vectors b x 2, dx d, а x b respectively, show that a'is parallel to ^x 7, 
DtoPxp,Ctop* q respectively. ( 
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M 
" Š 
N 


E > 


2 > >, 
(iv) На b, Care non-coplanar so are a’, 97. 2", 
Note 


> 2 | > 
а” Б, С said to Constitute a reciprocal system for d, b, c 


>9, 


MISCELLANEOUS EXERCISE ON CHAPTER 9 


1. Ifdisthe position vector of a point 4 in a plane referred to а 


> 


pair of rectangular axes in the 
plane and d — аі + a,j, show that points 


5-2 y 
оп the vector ОД have Coordinates 


(a, a), 0<1<1 
and the direction of the vector is along the direction of increasing /. 
2. Formulate a result analogous to the result 


in Question 1 above for three- 
and prove it, 


dimensional vectors 


[Note 


In this case the points on the vector have Coordinates (аи, a, at) апаа ,а,, a, arecalled direction 
numbers от direction ratios of the direction of the Position vector а. 


are called the direction cosines of the vector or the directed line Segment ОД Ifthe directed line M 
segment is 


> 
PP Po = Œo, Yor 20), 221 = (01,2) 
then points on P, Р, have coordinates R 


Ga =1)+ xt y, (1 YT yin =t)+ zt) 
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р : > = 
and the direction is that of increasing 1, 0 €  « 1. We know that P,P, is equivalent to OP, when 


> 
P, has. coordinates (x, — Xy, Y, — Jy 21 — 2). P,P, has these as direction Tatios, the direction 
cosines being given by these direction ratios. If/, m,n аге the direction cosines of P P, any point 
(x, у, 2) on the line is such that 


-» dote ” 
3. IfA is (а, а„ 43), AB is vector b = bui + b,j + b,k, find the coordinates of B. 


4. Find the points dividing the line segments РО below in the ratio (i) — , ШЕ — of the 
distance from the initial point P to the terminal point O: 3 


(а) Р=(3, 1,7), Q=(-2, 5,3) 
(0) Р-(0.1.1),0-(,0,1) 

5 “ГА; Ва аге О points in space and if they become respectively A’, В” on a translation, show 
that Jd 772 


6. ЇР,Р, P,, P, arepoints inaplane or space and Othe origin of vectors, showthat P, coincides 
with о if oS ‘only if 
Е T Art 
OP ED PD DEO: 


7. Let e» e e, jj be the position vectorsc ofthe points (1, 0, 0), (0, 1, 0), (0, 0, 1) and а be not any 
one of é;, à. 2), Show that а; 2 21, 2,, ёуаге linearly dependent. 


$ Does there exist scalars и, v, w such that 
29 — X 
ue, + уе, + we, =1 


where 


Why? 
9. Find the unit vector іп the direction of 


O 3767+ 2k, (Чу 127-58. 


10. Prove, using vectors, that the line segment joining the mid-points of the non-parallel sides 


15. 
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of a trapezium is parallel to the remaining sides and is equal to half the sum of their lengths. 


11. “Тһе mid-points of two opposite sides of a quadrilateral and the mid-points ofthe diagonals 
are the vertices of a parallelogram”. Prove using vectors, 


12. Show that the projection of a'on b = 015 


abl. 
НЕЕ 9) 
ІР | 


13. Find the projection of the vector 77+ Vi - Kon 
(а 27+0+% o) PP-R 
14. Find the cosine of the angle between the vectors 
3i-2/- 6k and 47-38. 
15. Finda vector orthogonal to both 
i+7'+5k and XF-R 
16. Prove that 
@+Бу=(@+Ё).-(#+Ёу= |а |24 |Z |2 
if and only if 2, b are orthogonal, 
17. Prove generally that 
18-5 |< [21+ 18 | 
Note : The абоуе inequality is known as triangle inequality. 
18. Prove Cauchy - Schwarz inequality 
@ b ys |а |2 |8 |2 


19. Prove using vectors : If the diagonals of a 


parallelogram аге equal in length, then it; 
rectangle. gth, then it is a 


20. Prove using vectors : The quadrilateral obtained by 
a rectangle is a rhombus. 


21. Points L, M,N divide the sides BC, CA, AB of AABC inthe ratios 1: 4,3:2 3-7 Tespectively. 


Ч T и. > 
Prove that AL + BM + CN is a vector parallel to CK, when K divides 4B in the ratio 1:3. 


joining mid-points Ofadjacentsidesof — 2 


! 


е 
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22. 


23. 


24. 


25. 


26. 


21! 


28. 


29: 


30. 


3l. 


Show that the three points having position vectors 
2-25-32, 2004 3b 4 20, -82+ 13b 

are collinear whatever be d, 52 
I£ D, Е, F are the mid-points of the sides BC, CA, AB of a triangle show that 

4B « BB+ CP -8. 
Show that the four points whose position vectors are 

67-17 167-19-46 37-64, 27+ 57+ 10K 
are coplanar. 
p using vectors : The median to the base of an isosceles triangle is perpendicular to the 
ase. 


Establish using vectors : 
sin (А + В) = sin A cos В + cos A sin В. 


Find the area of the triangle formed by О, 4, B when 
EX EHE 2 
OA=7+ оўн 3k, 08--37-2/3К. 


Prove that 


i£ and only if (£x 4) x5=0. 
Prove using vectors that if a, b, c are the lengths of the sides of a triangle, its area is 


A= Ys (5-а) (5-0) (5-с) 
1 
where s, (a + b+c). 


Show that 


It is given that 
=з 


рае, aere dr Qo dxB 
Tz [abe] [258] 2582 [26 с where d, 5, © are non coplanar vectors. 
Find the value o£ - (2 B) € y- (b o) Z- (6€ d) 
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33 


34. 


35. 


MATHEMATICS 
Findthe equation satisfied by the co-ordinates of a variable point P (x, y, z) lying in the plane 
in which the points A (1, 0, 2), В (2, 2, —1), C (1, 1, 0) lie. 

If D, E are the mid-points of sides АВ and AC of a triangle ABC Tespectively, show that 
at 93,» 
ВЕ + РС = us. 


t 1 
Show that the angle between two diagonals of a cube is сов”! Б 


The position vectors of the foci of an ellipse are Б; апа а апа the length of the major axis 
is 2a. Prove that the equation of the ellipse is a’ — a? (F^ + 9^) (Б-у =0 


CHAPTER 10 


Three-dimensional Geometry 


ee-dimensional Space: Geometric Concepts 


10.1 Thr 
We have already studied plane geometry or analyti a б 
earlier class. However, the space we live in is nd ccr du Қал in the 
natural to extend the scope of analytic geometry to three-dimensions. The п erefore, it is quite 
has already been made in the last chapter where we studied vectors aie preparation 
pace. While doing plane analytic geometry we confine ourselves to coo ЖС ER 
Now that we have learnt a very useful tool of vectors, we shall see that s nath EN 
makes the study of three-dimensional analytic geometry very simple and ele ie vector approach 
we shall obtain most of the results in vector form using the techniques of vi nd Much though 
have just learnt, nevertheless we shall also translate these results in the ог хэхэ that we 
times, presents a more clear geometric and analytic picture of the haie tesian form which, at 


We first recall some of the notions learnt in the last chapter pertaining to space 
geometry. 


ensional Cartesian Coordinate System 
We had discussed at length, in Chapter 5 of the textbook for class XI, һо : 
adm correspondence between the points in a plane and ordered и. to establish 
numbers through а two-dimensional Cartesian coordinate system, by p су) of real 
origin and two mutually perpendicular lines through O as x-axis end eh E а point О as 
of the paper). We extend this coordinate system to three-dimensions by Rudd in the plane 
through O perpendicular to both these axes (perpendicular to the plane of th Е athird line 
z-axis. The three axes are taken in such a way that they form a right-handed aa as the 
means that if a screw, placed at the origin, is turned to move from the ра This 
the positive y-axis, it moves up in the direction of the positive z-axis (Fig, 10.1) x-axis to 
The three perpendicular coordinate axes in turn define three coordinate plaue T 
plane passing through the axes Ох and Oy is called (һе xy-plane (or z plane Rs he 
the yz-plane and the zx-plane . It is obvious that these a 


plane). Similarly, we have 
Janes are also mutually perpendicular. 


Por P we associate the coo dinates ( 
int P we iate the coordinates x, y, z) in the followi : 
ГОН from P tothexy-plane шеейпр at N, take РМ=2. сур $9. р, Drop 
eeting them respectivelyat A and B. Take NB =xandNA S imd сш 
from P drop perpendiculars on the axes of x, у andz meeting them respectively at А,В dd 
Then ОА =% B = y and OC =2. Again , if L, M, N are the feet of the perpendiculars from 
Pon they Ог, 20%, хОу раве ес M. 208 РМ. Тһе coordinates x,y andz аге taken 
egative according а the respective points 4,8 and C are on the positive or negative 


itive or n 
posit 


Three-dim 
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side of the corresponding coordinate axis. (see note on page 411). 


Fig. 10.1 


: Having associated an ordered triplet of real numbers, (x, у, 
space in a unique way, it is easy to see that given а triplet 2 » 
in space uniquely whose Cartesian coordinates аге (ж, у, 2 ) 
correspondence between the points in space and the ordered triplets 


Z ) with еуегу point P іп 

2), we can locate а point Р 
Thus, there exists a 1-1 

of real numbers (х, у, 2). 


Base Vectors and Position Vector 


The three unit vectors?” 7 апаў inthe direction of x, у and 

Cartesian base vectors. j 2 

ЕР isanypointin space with Cartesian coordinates (x, у, гу and with positi 

as explained in the last chapter (see $ 9.2) and as shown in Fig. 10.2 Moi ion vector > еп, 

the directions 05, OYand O? are respectively ХР)? апа Z апа hora Components of 7" in 
: : x 


-axes respectively are called 


Bara xP sys 212 


Thus, for any point P (x, у, 2), the position vector F'ofP ізгі > 
5 3 ven 20 лд - 
conversely the coordinates of any point whose position i: БҰЛА м yj'*z Р. and 
Z^ are (x, y, 2). 


& 
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In other words, having 
„ having fixed a coordinate : 
iti : stem. А 
a position vector іп a unique manner. system, with every point P in space, we can associ 
: 2 sociate 


Fig. 10.2 


Remark 
n vec! 2 
tor stands fora typical representative vector in t 

n the 


t bear in mind that а positio 
ivalent to this position vector. 


We mus 
containing vectors equi 


equivalence class 


Distance between Two Points 


We have seen in the last chapter that the distance OP of any ароба 
2 е огіріп О 


is given by 
op=|OB|=|?I= Хуа 
21) and О (,,%› 72 ) are two points with position vectors апа?» 
1 2 as 


similarly, if P Qi 
0.3, then 


shown in Fig 1 % 
pp -00-0Р-7,-7, 


=? 
оа) * O2 7X7 T G-2X 


PECES 
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-T 
Q zh ? b 
by 
ЦЭ 2 
n 
о 
Fig. 10.3 


Section Formula 


з : ү РК 
We һауе seen ( see Example 9.5) that if P, К, О lie ina line such that — ыш апа К lies 
between P and Q , and О is the origin, then from vectors RO n’ 1 
(z 08-0} +" 08 
б. n OP * m OQ 
22 m+n .. (10.1) 
Ч R(x,y,z) A 
5 
т, 
о 
їр. 10.4 
Ав we have seen already (see Note to Example 9.5), if P is (4,9, 2,),0 i 
is ( x, y, z ), then PLA О is(,,y,,z,)andR 2 
ғ 
тх, + nx, ту + ny, тг, + nz, 
х=-—— AR =— _1_ 


Aa ETE m3n ... (10.2) 


L^] 
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Notes 


1. To get the mid-point of РО (See note to Example 9.5), we put m = = 1 and get 
OXptX* У ту, 21812, 
х= DE “= 2 ‚== 2 
РЕ т 
2. ТЕР lies оп the extension of PQ and Ro ~ 2-1 clearly m > n. РК =ти апаКО=пи, 


РО m-n 
then РО = PR - RQO-(m —n) p, 50 that OR = =a . Thus Q lies between P and 
R and divides PR inthe тайо(т-п):л. Hence, if P is (x,,¥,.2,),Qis (х,у. z, ) and 
R is (x, y, z ), then 
(m-n)x*nx, (т-пухіпх, 


X, 
(т-п)+п т 
і.е. mx, =(т-п)х+ пх 
1 mx,— nx 
ie. we 
т-п 
ту,- пу mz, — nz 
А. 2 1 2 1 
Likewise = =a М ТАЕ? 
m-n m-n 


The expressions for x, y, z are the same as for the point К dividing PQ in the ratio m : n but for 
changing the sign of n. This is more often described by saying thatin the case of external 
division in the ratio m : п , n is assumed to be negative. Note that, in the case of external division 


m > n andm is never equal to n.. 


CDI m j 
3. Та ће case of R lying between P and О, writing RO =, oft has coordinates Œy. z) 
given by 
mx, tnx, ту+пу, E mzytnz, 
x= Е а 
m+n m+n m+n 
m 

1:8; x-(1-A)x,* Хх, where d= 


Similarly, y 2 (1-399, + 2у,2 = (1-902, +42 


Note that P, О respectively correspond to т = 0, n = 0 and that m + п +0. Thus, points іп РО, 


«v ‹ МАТНЕМАТІСЅ 


inclusive of P and О correspond to the points with the coordinates 
(а -Nx tAr -Ay tA, (1-A)z, +z | foro 53-41. 
If R divides PQ externally іп the ratio m : n, m >n , then 


mx, -пх, 21 т т 


т-п m-n ! m-n 2 


ы =(1-2) x, +2x, 
where À = arate 1, № = 1 corresponding to О. We have, similarly 


y=(1-A)y, +Ау, уг =@-^) 2, +z, 


РЕ т 
If, now, R lies to the left of both P and О, and —- — 2 
ies to the le Q 2 RO л ,Мептч«л, In this case too, т = 0 
corresponding to К =P. If PR = m p, RO =n p , then 
RESI SRE my m 


РО " RQ- PR ng -myu п-т 
Since P Нез between R апа О and divides КО in the ratio m : n — т 


_(n=m)xtmx, | (n-m)x*mx, 
La 


т п 
‘ nx, — mx, Lm —т 
їе) ан | | ке у 
п-т п-т п-т | 2 


=(1-2)x,+ Ах, 


—т 
where А xU < 0 and À = 0 corresponds to P. 
Likewise 
\ y= (1- Х)у,%Ау,,2- as №а+л2, 
АП points to the left of P inclusive of P оп the extension of the li 
to points (x, у, z ) with х <0. i Ine segment PQ Correspond 
Summing up, if P is(x,,y,, 2, ), Qis(x,, y, , 2,), all points on deg 
have coordinates ine joini 


ng P and 
(0-X)x, tXx,,1— A)y,* Ay, (122 9 


where A varies through all real numbers. ^iscalled aparameter j inthe 
is called the parametric form of the line joining P an and Q. above representation which 


Jz tiz 
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Direction Ratios and Direction Cosines 


As was pointed out in the note to Exercise 2 of the Miscellaneous Exercises on Chapter 9, (а,Ь 

the coordinates of a point 5, then a, b, c are called the direction numbers or direction ie 23 
P-ai bj ck or ot OP #0. Note that the vector À О where? is any scalar will have direct of 
ratios Аа , Ab, Ac and that if AOP is opposite in direction to OP allthe direction ratios of AO 
have signs opposite to that of OP. Thus a, b, c ог Ха, Ab, de for some positive А can be de 

as direction ratios of OP. The angles a, A, y, which the non-zero vector 7” makes with debes 
vectors n ала? ( on the axis of x, y and z ) respectively are called the direction angles. and 
the cosines of these angles, which we denote by 4 


[= cos a, m=cosf, n-cosy 


are called the direction cosines of F? 


Then 
PP атъ я 
Ce 
l= cosa ІШЕ ІРІ 44245242 
Similarly, 


b 22 == = 
= „кук сапап ысу р С 
т = cos В Тарс? Na c 


; і tion 
It is obvious that the direction cosines satisfy the rela! 


12+ т?2+п?=1. 


The following points should be noted: 


(i) The relation between di 
a:b;celim:n with P+ 


rection ratios and direction cosines is given by 


m+n=1 


which should give b 
ДЭ a Ca Т” 


@ + b? + 
denoting as usual the unique positive ee 
gts аўк byt ck (not necces 
ion cosines am 


с 


root of the number under it. 


р sarily a position vector), its direction ratios 

Gi) Given any vector v = 
аге a, b, c and its direct 

р рей = 


а 
кезегіне» 
dc p АЙП 14 
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-> > 
Gii) Given, two parallel vectors v? апаў» (9, > = Die» ШАМА а P+ pj 3 > 
then B= аг» Ас , for some real 2424 has direction ratios Ха, 28, Ас ога, ‚© 
if > 0. Thus, vectors having the same direction have equal direction ratios, If i < 0, v; 
has the direction ratios =a, —b, —с. 


NEA Nate Ap tia 92 
On the other hand the direction cosines of 2 are ^^ - 


r Hence, like vectors have equal 
081168 whereas unlike vectors have directi 


оп cosines equal in magnitude but opposite 
(iv) Consider the line joining the points 4 (54- J,z)andB (х, Y» Z,) whose position vectors are 
r апал? Then 


SR 
ut GR L о G,- z)E 
"VU > : : > 
Then, the direction ratios of АВ are 0-х): v=»): e- 2,) and the direction cosines of AB 
are given by 


12 Жл У-У, 2-2 


Ен шй 
148 | 148 | |4B | 


(V) Given апу two vectors 24 - a b 


> > : 
17+ с апау = а b 


+ с we know that the angle 
6 between them is given by 
2.2 
12037 аа t bb. cc 
cos 0- ne 21010; 122 12287 
Ivi Hs] Iv 115, | 
ВА, т 


p п, and 13 т,, 2 


Біпсе UNE iis 
Hence, the two vectors ve and у» аге orthogonal if and only if 
иллэг 
(vi) ево гӯ This can be written in the 
pesti fem ЕИ ІЙ | 


e 
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: (vii) A vector having direction ratios a, b, c is given byv=aitbj+ ck. 
5 Example 10.1 
Show that the three points А (2; 3, 4), B(-1, 2, -3) and С i | 
Sw ; 3, 4), BCI, 2, — (-4, 1, -10) are 
ratio in which C divides AB. aD SS 


Solution 
From what you have learnt till now, there are several ways of showing the collinearity of А, В, С. 


3j 
@ l4Bl-Xc1-2** зу FS = 59 
5) 
IBC |= AC4* 19 * (0-27 +(С10+3ў=+ү59 


E 
АС |-4C4-2X + 0 — 33 + C10- 47 = 259 
i.e. AB + BC = AC ie. A, B, C are collinear. 


(b) Direction ratios of AB are 
- 
(1-2), (2-3), C3 - 4) ie. 3, -1, -7. 


> 
Direction ratios of ВС are 
(—4 + 1), (1 - 2), (-10 + 3), i.e. -3, -1, -7. 


>,2 
Hence, АВ || BC i.e. A, B, С are collinear. 
Any point on the line AB, dividing the segment in the ratio 271 is 


Ga 2443 3*4 


(c) 
A*1 А+!’ tl 
For this to be the point C, we must have 


-А +2 20 + 3 -3A +4 
LL =-4, —— = 1, 
A+1 A+1 A+1 


=-10. 


The first equation gives À = —2 and this satisfies the second and third equation also. Hen 
C lies on the line joining A and В. d ce, 


This gives the answer to the second 
ratio —2 : 1, which is the same as 2: 


part of the problem also, viz., that C, divides 4B i 
—1 or 2: 1 externally. Mop 


Example 10.2 ; 
% Find the position vector of a point P such that 
ОР= 12 units. 


> 
OP is inclined to Ох at 45? and to ОУ at 60° and 
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Solution 


Given that $ 


= 


" YEN 125 
ХЭСЭГ БСАН үстер СУУ созү 


1 1 
Р.п +02 = | gives =~ orn = 5 


aN 
cos y, Н HERB б 
or at 120°, Now 7. Hence, OP is inclined to OZ either at 60° 


EXERCISE 10,1 Ё 
1. Find the coordinates of the point which divides the io; : 
in the ratio 3 : 4 internally. “Join of the points (2, —1, 3) and (4, 3,1) 6 


2: А line passes through the points (6, —7, —1) and Q, -3 1). Fi ‚ 
direction совіпев of the line so directed that the angle › ^. Find direction ratios and the 


9 made wi УР 
3. A vector 7” has length 21 and direction ratios (2 th Ox is acute, 


-3,6) Fi ] 

components of 7’. ). Find the direction cosines and 

4, Тһе direction ratios of a line аге 1, 3, 2. Find its directio 
n cosines, 

5. Find the direction cosines of the vectors 

(a) 2227-8 

ОЕ 

— > 
(c) 3i -- 4k 


6, Find the angle at which the following vectors are 


2 incli 
of the coordinate axes: попой to the Positive direction of each 
of eac 


(а) ?-+ 

O) 47+87+Р 
> > 

(9/-Е 


1 А уесіогу is inclined at equal angles to Ох о 
units, find v. n 


Y and О е 
2. If magnitude of vis 6 
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8. IfA'andBaretwo points whose position vectors are 3i +7 -2Randi—37 '— Krespectively. 
Find the position vectors of the points dividing AB 4 
(а) internally in the ratio 1:3 
(b) externally in the ratio 3: 1 

9, Find the foot of the perpendicular drawn from the point А (1, 0, 3) to the join of the poi 

“ B(4,7,1)and CG, 5, 3). : тро 

10. AC, 0, 4), B (0, 11,3), C (2, —3, 1) are three points and D is the foot of the perpendicul 
from A on BC. Find the coordinates of D. PUN ^ 

11. Calculate the cosine of the angle А ofthe triangle with vertices A (1, —1, 2), В (6, 11, 2) 
C (1,2, 6). E руа 


102 Straight Line in Space 
We know that a straight line is uniquely determined in space if 
(a) it passes through a given point and has a given direction, or 
(b) it passes through two given points. 
We shall now determine the vector equation as well as Cartesian equati i i 
under the above conditions. quations of a dece 


(a) Equation ofa Straight Line passing through a fixed point А and Collinear to a given vector 


26 Ё: 
Let а бе the position vector of the fixed point А, and? the position vector of i i 
P оп the line as indicated in Fig. 10.5. ur a olg a 


Then, Pisa point on the line if and оп! if AP is parallel ile АР. 
T el y is parallel to the vector m, i.e. AP = m, 
% is some real number (positive, negative or zero). 3 ше 


neg 
But = AP-OP-OÀ ie. АТ=РЬ 
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Conversely, for each value of (the parameter) À, this equation gives the position vector of a 
point P on the line. Hence, the vector equation of the line is 


т-а-3т ... (10.3) 
Cartesian Form 


Let the coordinates of the fixed point 4 be Gy, z 1) and the direction ratios of the line be a, b, c. 
Then 


Эн LATER TAL. mn Ss > > mx АР 
r-xi Бу) +2 Ка=х 1 +у, j +z kandm-ai * bj + ск. 


Substituting these values in (10.3) апа compari 


ng the coefficients of Тапа E, we get the 
following parametric equation of the line : 


х-хі%Ха,у-у,%Х5,2-2,%Ас 


.. (10.4) 

Eliminating the parameter A from (10.4), we get the following Cartesian equations of the line: 
х-х, Оле УІ 2. 2-2 

Е ЛУ ... (10.5) 


We thus see that the equation of a straight line passin; 
a given direction сап be expressed in one of the above three forms viz. ‚(һе vector form (10. 3), the 
parametric form (10.4), or the Cartesian form (10.5), (2,7,2) can be any one aU on the given 
straight line. In view of (10.5), the equations are independent of the choice of (х) 22) 


g through a given point and parallel to 


(b) Equation of a Straight Line passing through Two Fixed Points 


Now consider a line in Spee Dp passing g through two fixed distinct points A City? 2,)and B(x, y, z) 
whose position vectors are a’ and b respectively, as shown in Fig. 10.6 1 2» Vos Z5 


` Fig 10.6 
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If? is the position vector, OP, ‘of an катышар point P (x, у, =), then 
P is a point on the line e AP= хай tot some real À. Now 


-> 


AB= b- а and ИРЕ 
Therefore, > is on the line if and му? if 
а= А 3 -а) 


> > 
ie. але) (10.6) 
Cartesion Form 


Using the Cartesian components of a aand ^. the above equation becomes 


Л n. > E > 
quy ak = х\ї + УЙ ЖД [4 
-» > 
+ [9 it 0% =y,)i = 20] 
Hence. eliminating the parameter 2, the Cartesian equations ofa line passing through two points 
Qu. уу, д) and (5. Va z,) become 


2 2-2 ...(10,7) 
Angle between Two Lines 
Let 
: 2 $i -b 
р=а tab (0%; 
` jV > 
and Ра + ub nae 


; : aight lines are in the directions of ^ "and A x 
traight lines in space These straigl 4 " respec ively. 
мя n these lines 15 defined as the angle between the directions of hand Я, We 


h е 0 betwee 
Due: the angle between a pair of straight lines depends only oti their directions and not on 
their positions. 
Iss I? НЯ | сов 0, 
€ > 
4 heb 
5 cos 0= = 10.10 

RIA M 


Cartesian Form 
If the equations of the lines are in Cartesian form; 


= 


16 
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апа 4 
х-х E ЕЛ 2-2, 


b b^, uec Ў 


then the angle between them would be given by 


de bb, + bb ЖҰР P 


If instead the direction ratios we take the direction cosines, the formula becomes 


- cos 0-1! + mm' + пи’ -.. (10.12) 

Note that the condition for orthogonality of the two lines is a 
bb’, + b,b', + bb, =0 ... (10.13) 

on П + тт + ni! 50 ... (10.14) £ 


Example 10.3 
Find the equation of the line (both vector and Cartesian ) which is parallel to the vector 27° jt 3K 
and which passes through the point (5, —2, 4). 
Solution 
The vector equation of the line is 
r- (57-27 + 4 )+ A 07-7 9) 
Now7’is the position vector of any point P (x, y, z) on the line, i.e. 
x ye x = 5-2] +4Ё+ MT- R) 


=(5 +27 + (22 - Ху (44 ЗА 


Thus, 
02554223 
Y=-2 -À 
> 
2-4%3) 
This is the parametric form of the equation. Eliminating A, we get 
9 


uS АА pert 


2 -1 3 Ч 
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which is the equation of the line in Cartesian form. 


Remark 
Note that the direction ratios of a line in the direction of a-j* 3k are 2, —1, 3 so that the above 
Cartesian equations are immediate. 


Shortest Distance between Two Lines 


By the shortest distance between two lines is meant the join ofa point in one with one on the other 
so that the length of the segment so obtained is the smallest. 

If two lines in space intersect at a point, then obviously the shortest distance between them 
iszero. Lines which do not intersect and аге also not parallel are called skew lines. For skewlines 
the direction of the shortest distance would be perpendicular to both the lines. : 

The shortest distance is then determined in the following way: Take any point 5 on one line 
and another point T on the other. Then the magnitude of the shortest distance vector would be 


H 1 == " « 
equal to that of the projection ofST along the direction of the line of shortest. distance. 
Consider two skewlines/, and (Fig. 10.7), whose directions are those of b, andB, and whose 


equations are 


and 


5 Р 
5, 
Fig. 10.7 
> : 
If PQ is the shortest distance vector between them, then being perpendicular to both band 
> > 5 1 

5 it must be parallel to b, х 5;. The unit vector 7 along РО would therefore be 

> > 

m- b, x [2 2. 
Ig xB | 
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where d is the magnitude of the shortest distance vector. 


» 
Consider the line segment 57, where 
S is the point on 1, with position vector a, and Т оп 1, with position vector а} If dis the angle 
E = $ 
between 57 апа РО, then, as explained above, é 
PQ = ST cos 0 
But 2» > 
a E LEC iil Ре. а’) 
COSE E YES NOE meum re ME 
IPÓlis?| ^ ат 87 15) «E 
Непсе, 
Фох) @- а) 
а=РО=57 БЫЛДЫ атар 2 (10.15) 
no A 
Notes 
(1) The two lines will intersect цах euly if d — 0 i.e, if and only if 
(0, xb): (à - a?) =0, Ч 
(2) Iftwo lines 1,1, ate parallel and given Tespectively by 
2 205:2113 Raa + ub, E 
then obviously they are coplanar, ү = the (shortest) distance between them is given by 
| b * (2-2) 
d= 
ІСІ? р 
since d = РО = ST cos (90 — 0) (See Fig. 10,8) so that 
Bx @ 
d= ST Isin |= 18-2 | | Cow) 
Ере T 
> 
© 


Fig. 108 
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(3) һе геайег1 1 1 © SIG 
T ris Г are ani art orm 
equi ed to write down the formulas for shortest dist fi 
the f ce in esian 
3 2 


t 


EXERCISE 10.2 


The Cartesian equations of a line are 
X39 y+4 1-6 


3 АЛМ КЫЛАС 


Find а vector equation for the line. 

АШ a through the point with position vector 27°—j + 4 Капа is i 

Ра)-2Ғ. Find equations for the line in vector and in ЖАРСА: i in the direction of 
д : sian form. 

Find the vector equation for the line through the points 4 (3, 4 — 7) 
) , 4 (3, 4 — 7) and B (1, -1 

Find the coordinates of the point where the line through 4 .6). 

the ху -plane А (3, 4, Папа В (5, 1, 6) crosses 


The points 4 C 
Find vector an 
Cartesian equations of a line are бх-2-3у% 1-22-2. Find the directi 
own the vector equation of the line through (2,-1 | бу ratios of 

р-у; ich is parallel 


4,5, 10), (2,3. 4) and C(1,2,-1) 
B(2, 3,4): ,2, - l)arethree vertic par: gram 

d Cartesian equations for the sides АЗ and BC еч "m ic Бо 

rdinates of D. 


The 
the line and write d 


to the given line. 

Find the angle between each of the followi i : 
Заримыг ока ed pair of lines: 

3i * 2j - 4k +AG +2] t2k) 


(Qo c3 +2, 
R= -X +в GP+2J*+ 6R) 


A line with direction ratios 2:2: 1. 


(b) 
A line joining (3, 1, 4) to (7, 2, 12): 
х+4 y-1 2+3 
(ОСУИ 5 7544 
ҰЗАП УЫЛ 2-5 
ee СТО". 
1 1 2 
Find the angle between the following pairs of lines: 
x-2 у+1 2 
Е SES 
(а) “3 ML 
xcu 243 2+5 
р Е 
3 2 


1 
9A ИЛ ТООМ? 27-28) 
>, 2R- u GP 47-48) 


Е 
Pis, 
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9. Findthe angle between the pair of lines with direction ratios 
(а) 5,12, 13 ; -3,4,5 
©) 1,1,2:43 -1,-43-1,4 
10. Find the shortest distance between the lines whose vector equations are 
террор рр) 
апа R= P-E + 3—52 ЁУ\ 


1 


= 


. The vector equations of two lines are 
aT +27 +k+ Mie P» 
- т 
„Һ=?-[7-Ё+иог+]+2әр ). 
Find the shortest distance between these lines. 

12. The vector equations of two lines are 
n-ü-0P*0-27 8-202 
№ = (8+ 17+ (25— Dj-Qs«n£2 

Find the shortest distance between these lines. 

13. Determine whether the following pair of lines intersect : 

(а) -I-P«aPeE); 27-а р 

> а oye >-а D 7 ) 

(rci +7 -К +37 -j); R=47_k + uQi*« 3g) 


х-1 y*1 Sle 1727 
с = =2; И е; n 
(c) 5 3 5 ШЕ > 
10.3 Plane 


А particular plane can be specified in several Ways, for example 


(a) Опе апа only one plane can be drawn through three поп-сой; : 
given points specify a particular plane, n-collinear Points; therefore, three 


(b) One and only one plane can be drawn to contain two con : 
concurrent lines specify a particular plane current lines: therefore, two given 


(c) Oneandonly one plane can be drawn perpendicular toagi а 
from the origin; therefore, the normal toa plane and the Patan sea at a given distance 
specify a particular plane. the plane from the origin 


(4) One and only one plane can be drawn through а given poi 5 : 
direction; therefore, apoint on the plane anda normal to [ON Ps Жар үз 5 sf Хер 
a particular plane. 
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There are many other ways of specifying a particular plane but the 
. in (c) and (d) as these lead to a very simple form for the Mastusefal are 
Consider а plane which is at a distance d from the origin rn of a plane. а 
15 perpendicular t. 
о the 


unit vector Pas shown in Fig, 10.9. 


S 
Fig. 10.9 
Jf ON is the perpendicular from the origin to the plane then 
2» 
р ON = d? 
i i he pl NÈ is di > 
If P is any point on the planes’ perpendicular to ОУ, and if P is not 
not perpendicular to ON. Therefore, onthe T 3 5 
is a point on the plane <> NP- 0-0 
This equation is called the scalar product form of the vector equation of th 2 (10.15) 
1677 is the position vector ofP,NP-—r-dm. Therefore (10 ЭЭ plane. 
P-an): dn=0 comes 
52 c =d n) m =0 
> 
=? Los п -а oe -0 
> Рид 
сад r= 1 а 
asn . ... (10.1 6) 
The equation (10. 16) is the standard form of the vector equation of the pi 
Fp ery of any points the plane; n'is the unit vector perpendicul Plane, where Fis th 
the distance of the plane from the origin. ЭО е add. у : 
Cartesian Equation ofa Plane 
fu p- d 


Let 
-- (10.17) 
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be the vector equation of a plane, where pis the unit vector normal to the plane as shown in Fig. 
10.10. - 


о 


Fig. 10.10 
If P (x, y, 2) is any point on the plane, then 
Ой-Р-х?аур ы? 
and if /, m, n are the direction cosines of Р then 
тамы Р=Й’+ т + nk. 
Substituting іп (10.17), we get 
Gia yj + 20) с (+ mj nk) -d 
. => k+my+nz=d ... (10.18) 
which is the Cartesian equation of the plane, Неге 1, m, n are the direction собіпевоҒ ће normal 


to the plane and d is the length of the perpendicular from (һе origin to the plane. Ма, 5, y are 
the angles made Бур with Ох, Оу, Oz, then (10.18) takes the form 


* cosa + y cos B+ z cos y = d. 
Compare this with the corresponding two dimensional form 
X cos ® + y sin a = x cos a. + y cos 2-4) -р 
Remark 
25 
(10.18) shows that if 7”: (417% В+ Ck у= Dis the vector 
Ах + By + Cz = D is the Cartesian equation of the plane, wh 
ratios of the normal to the plane. So there is an easy tran 


forms for the equation of the plane. Since (10.17) always ге 
any equation of the form Ах + By + Cz = D will always represent а plane. 


Plane passing through a given Point and Perpendicular to a given Direction 


From Example 9.34, the vector equation of the plane passing through а’апа having 7? 


5» 
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as the normal from origin is 
(7-23-7-0 
If the components of a’are (a,, 4,, а,) and the direction ratios ofn are п,, п,, n, then the 
Cartesian form of the equation becomes 


(x— an, + (y- an, + (- an, =O 
Note 


пуп, n, are called the norma! direction ratios or cosines (as the case may be) of the plane. 


Example 10.4 

Find the direction cosines of the perpendicular from the origin to the plane 
7. (6-3)—2К)+ 1-0 

Solution 


We write the given equation as 


r3 
Now, | or 3j- 2k |= В6 +94 77. 


6 3 2 
So that %- no i F his the unit vector in the direction of 6Г-3 ge oR Then 


is the equation of the plane in the form 7^ n=d of (10.17). This shows that ndi 
from the origin to the plane is perpendicular vector 


Example 10.5 

Find the equation of the plane through the points P (2, 2, —1), О G, 4, 2), R (7, 0, 6). 
Solution 

The general equation of a plane through (2, 2, —1) is 


a(x-2)*b(y-2)*c(z*1)-0 (10.19) 
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It passes through О апа R if 
at+2b+3c=0 Р | 
апа 5a —2b * 1c — 0. 
These give 
a b c a b 2 
mf ae 57271415 ау 


Substitu...g in (10.19), we see that the required equation is 
5х + 2у- 32-17 =0. 
Angle between Two Planes | 


The angle between two planes P,, Р, is defined as (һе ang] 


e between the » 
the origin O (which can be chosen arbitrarily). It is the an normals to P,, P, from 


gle between the lines in which | 


intersect a plane perpendicular to both of them. which Р „Р, 

Suppose P, and P, are two planes specified Бу the vector equations ә 
P. n =d, 
r m= d, 

as shown in Fig. 10.11. Note that the plane determined by л? and > ; À 

P, and Р.. byn and "2 IS perpendicular to both 


Fig. 10.11 


Therefore, if @ is the angle between P, апа P, 
cos 0-- n т 
- (10.20) 
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Remark 
The planes are perpendicular to each other if 7; · п) = 0 and parallel if Ш-ін 
E 


Example 10.6 
Find the angle between the planes whose vector equations are 
P Èj- 2Ёу=3 and P Qi-2/*E)-2. 


` Solution 


If 015 the angle between the two planes, 
uU 
GMP-x) ОГ-2/+®) _ % 
cos 0- mW NEL E 
6 3 9 


This is (һе cosine of the obtuse angle between the planes. The acute angle is cos! в 
ӨЙ 


. Example 10.7 


Find the equation of the plane through the points (2, 2, 1) and (9, 3, 6) and perpendicular to th 
о the 


plane 
2x + бу+ 62-1=0. 


Solution 
Any plane through (2, 2, 1) 15 
—2)+ Ь(у-2)+ -1)- 
а«-2%%50-2%с(-1)-0 ... (10.21) 


It passes through (9, 3, 6) if 
2(0-2%%0-2%с(6-1-0 


ie 7a*b* 5с-0 
» ; (10.22) 
rpendicular to the given plane if 


The plane (10.21) is pe 
2а + 6b + 6c=0 
2.1023) 


From (10.22) and (10.23), we have 
a b с 


33:85:32: 40 
0.21), the required equation of the plane is 


Substituting in (1 
3х + 4у-52-09. 
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Angle between a Line and a Plane 


Consider the line 


=; 


=y > 
r=a+ hb 


o 


and the plane 
Рта. 
The angle between the line / and the i 
1 | plane P is defined to be the e be 
pw of the planes containing / and perpendicular to P. р реу Ear Еее 
е angle between the normal го the plane and the given line TRUE Io Da ceraplemen 


Fig. 10.12 
The angle between the line and a normal to the plane is given b 
n by 


5, 
5-7 
cos $=—— 
ІР 
: ... (10.24) 
If 615 the angle between the line and the plane, then 9— т 
| 64 
Des sin Ө= cos ф 
Therefore, the angle between the line r= 7+ АБ and the ee ... (10.25) 
CT-N = dicot 
Pg "416 given by 
sin = ——— 
ІРІ 
Ехатріе 10.8 --. (10.26) 
Find the angle between the line 
Р-Р PLE 2 
and the plane ) 


PF: Qi P. Р) =4 


ГИКЕЕ-РЕМЕМУЮМАТ ӨРОМЕТКҮ 
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Solution 


„ ә ә ES 
4 G-f+k) (-7+k) 2,5 
Неге, біп 6:5 ---- . la 
43 6 3 
1 242 
Therefore, Өсіп! 22-11 


Distance of a Point from a Plane 


: а: > 
Consider а point / with position vector а and а plane п, Whose equation is 


22212 
M P | 


(ii) m 


Fig 10.13 
y rallel to the plane z,. Thi i 
Consider the plane т, through Р pa ту. The unit norm А 
and hence its equation is (P= d) "f= 0, which can be written as Al to m is mor ~z? 
- 2 
баптап т 
ie, the distance ОМ of this plane from the origin is la | СҮЗ 
Therefore, the distance MN of P from the plane v [See Fig. 10,13 (ip) ig 
QM - ON» la 9 |-а ' 
» (10.28) 


You may establish the similar result for Fig. 10.13 (ii) yourself. 


Family of Planes passing through the Intersection of Given Planes 
= = ә = - 3 
equations ** Я; =d, авд” n, = d, respectively, the position vector 


If x, and n, are planes with 
оп must satisfy both the equations, 


of any point on the line of intersecti 
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If? is the position vector of a point on this line, then 


Tu VEL Tare 
гп, d, and Г. п, а, 


Therefore, for any value of k,, к, 


k Pp E IST P kd + kd, 
or, P [em ek = а, + ка, ... (10.29) 


Buttheequation rem +km)= К.а + kd, representsa plane T, Which is such that ifany vector 
r statisfies both the equations of п, and т, it also satisfies the equation of 7... 

That is, any plane passing through the intersection of. the planes 7? n =4 and? n =d, has 
an equation 


FI + kj) = kd, + ka, 
Conversely, for all real values of k 


р № the equation rt k 
the family of planes passing, through t 


yia) = Kid, + k,d, represents 
he lines of intersection of th 


e planes 
P m=d, and 7 =, 


Thisis арапісшаг case ofa more general 


result, namely, if E =0and £ = Oare the equations 
of two members of a family of curves (or Surfaces), then the equation 7 ч 
о ... (10.30) 


represents, for all real values of. kk, those members of the family that contain the point 
of intersection of E, and £,. 
Observe that for k, = 0 we get Е, =0 and for k —0weget F = : 
X ; 2 get ЕЁ =0 as curves Or surfaces passin 
through the intersection of £, and Е,. If we exclude E,, the rest of these curves or RA as ҮН 
case may be, are given by E, + XE, = 0 for real values of - Ға surface other than Æ. is needed 
the above equation can be written in the form 2 


(or points) 


E,* kE, - (by making № 
k 


1 
Let 


OT: ax t by ez—q 

T: ax + by + cz 
be two planes. Putting х = 0 in the two equations 

by ez — d 

Ручей ... (1031) 
Recall that if v апал, are parallel, then their normal direction ratios, viz: a b, c; a',b',c' are such 


o 


© 


| 3 а 5 5 c са 
` Thus, if they are not parallel, at least one of the pairs mots 8807 „ү 
4 а 5 Бс 2 a’ 
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that 
a b G 


a’ b' e 


is different from the other two. Assume that т, л, are not parallel to each other and, without loss 


b c р wee 3 
ity, that—# — , then the system of linear equations in (10.31) has aunique solution, 
of generality. и с E b'd — bd 
say, Yo, Zo; more explicitly y = 777 в ‚д = bc ge This means that, Vx =O, thon 


ту. Note that this is the point common to the vO^plane апа the planes 


(Ур 20) lies оп both шү 

m, апат, | PTT Г 

ІНІ, т, п are direction ratios of a line perpendicular to the normals from Origin to, and x, then 
a7, 1 201 


al + bm + сп= 0 
a'l * Ыт + c'n-0 -.. (10.32) 
since the direction ratios of т, л, are respectively a, b, с; a’, b', с". 


Hence, 
1 т п 


ей 
bc! Бс са — c'a ab' — a'b у) 


where, if at all, only one of the denominators may be 0 as pointed out earlier. Consider now the 
point whose coordinates are 


(5, y, 2) = + KL, y, + km, =, + kn) 


where (x, Yo» Zo) is the point lying on both T,» 7t, found earlier, k bein 
of (10.31) and (10.32), (x, y, z) lies on both ту, т, for every real k, 


£ any real number. 
the equations 


In view 
But such an (х,у, 2) 


Satisfies 


%-% У-) 4-2 


1 т п 
i.e., (x, y, 2) lies оп the line with above equations. Thus the entire |; : T 
lies on both the planes т, and т). те line having equation 
Conversely any point common to 75, п, lies on 
the line joining (x, y, z) and (х0. 70,2 fe 


20) lies on both 
normals to both the planes from the origin. The c 


(10.33) 
s (10.33) 


: ) is such a point, then 
15 perpendicular to the 
sfying (10.32) therefore 
» У, 2) and (x 
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wn that Е "M 
diae planes ли. т, which are not parallel to each other, intersect along а straight line. 


Note: 'The above result can be established using equations in vectors too. 


Consider two intersecting planes т, and z, and let a be the position vector of any point common 
to them, Then. we can write their equations as 


лү; @?—-е) m-0 
DV NEN 
mi —a):n,—0 | 
where n, and л, are the normals (ол, and т. respectively from the origin. 
i.e. (P= @) is perpendicular to hoth т and яг, then it is in the direction of n Ty, 
> 
Непсе, P-ug-k хм) = р" (say) 
ie, 7=а+ ip 
which is the vector equation of a straight line, 
In Cartesian system, therefore, the two simultaneous equations 
aut Буног а; 
ax + В„у+ cr а, 


would represent a straight line, provided the normal direction ratios a, h 


) 1 61; 5. b. с, are not 
proportional. 


Example 10,9 

Find the equation of the plane passing, through the intersection of the planes 
*^y*z-6 and 2х+3у+4:+5=0 

and the point (1, 1, 1), 


Solution 


The plane А 
Х+у+:- 6+ (2х4 3у- 40+ 5)=0 „ (10,34) 


passes through the line of intersection of the given planes for all values of k, It will pass through 
(1,1, 1) if 


3 
-3+ 14k=0, 16, k=-— 
d i 14 


3 
Putting k = 14 іп (10,34), we get 
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20x + 23y + 262 — 69-0 
which is the required equation of the plane. 


EXERCISE 10.3 


1. Show that the line L whose vector equation is 
P= 2-274 e AGI Pe ak ) 
is parallel to the plane тг whose vector equation is 
P (P+ 57 +Ё)=5 
and find the distance between them. 
2. Show that the plane whose vector equation is 
PPJ -k )=3 
contains the line whose vector equation is 
Party + Marr p+ ag 
^. Find the vector r equation of the line passing through the point (3, 1, 2) and Perpendicular to 
the plane я * (2i —j j’+ E )-4. Find also the point of intersection of this line and the plane. 
4. Finke Ше уесіог équation of tl the толоп planes in scalar product form: 
(a) тар zÍ Гал tJ PE) Щщ? a + 3k ) 
©) = 27 P-k A +u жоу мт ) 
©Р=а +s -07+(2 -s) +8 -2s «2t VA 
5:05 Finante Cartesian equation of the following planes: 
(a) ТАКЕ uE)-2 
> 2-2 
(b) 2: Qi + 37 чк ул 
©) Р-б- WMH G- 0f ose og 
Find the vector equation in scalar product form of the plane that contains the lines 
P=) +s (P+ 27-Р) 
pU: P=@4p)ttCP+j 2). 
7. Find the vector equation of the line through the origin which is perpendicular to the plane 
ә Элит 
rd -27 +k )=3. 
8. Find a normal vector to the plane 
x+ 2у + 32—6= 0. 
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9. Findthe angles 12 the planes 
2x—3y+4z=1 and -x+y=4. 
10. Find the equation of the plane through P (1, 4, —2) that is parallel to the plane 
-2х%у-32-0. 
11. Find the distance from P (2, 1,-1) to the plane 
х-2у%42-9 
12. Find the equations of the bisector planes of the angles between the planes 
3x—2y- 62+8=0 and 2x -y t 223-0. 
х+1 у-3 2+2 


5-3) 2 1 


13. Find the equation of the plane containing the line and 


the point (0, 7, —7). 


14. Show that the sum of the reciprocals of the squares of intercepts on rectangular axes made 
by a fixed plane is same for all systems of rectangular axes with a given origin. 


15. Prove that volume of a tetrahedron with three concurrent edges a, b, с is da [a b c]. 
6 


16. Establish by vector methods, the equation of the plane making intercepts a, b, c, on the co- 
ordinates axes in the form 
x y 2 
Е 
а b c 


10.4 Sphere 


A sphere is the set of all points in space which are at a constant distance from a fixed point. The 
constant distance is called the radius and the fixed point is called the centre of the sphere, Let 
7 be the position vector of any point on the sphere. If the radius of the sphere is a and the position 
vector of the centre is 2? then the vector equation of the sphere is (see Fig. 10.14) 


|P- 2|- 
r-ci-a 


or, 0-2)-6-2)-сФ 


... (10.35) 


- (10.36) 
In Cartesian coordinates this takes the form 


(«-с)2%(у-с,)2%(2-с)2-а2 


ie., xy +P- Ix- 2e y- 2e ztette -Ф=0 . (10.37) 
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Note that in the above equation only 2, у?, z?, x, у, z and constant terms occur on the left hand 
side. Further, the centre of the sphere is (с,, c, c,) and its гайїи 15 а. We can write it in the form 


e+ у? + z -2fx- 2gy - 2hz + с = 0, where c, = f, c,7g, с, = and с? cH ch = c. 


In other words, we can say that if x? + y? z2— 2 fx — 2gy – 2hz + c=0,then (x, y, 2) lies on a sphere 


centred at (f, g, h ) and radius Ng? * f^ +—с 


2 P 
O 
Fig. 10.14 
In particular, the equation of a sphere whose centre is origin and radius is a is 

=>] — 

| ІРІ-а ... (10.38) 
This corresponds to the Cartesian equation 

ё+у+ё=а ... (10.39) 


The section or, more precisely the intersection of a sphere by a plane (with a plane) is either 
void, a singleton or a circle. 

Let the centre of the sphere be O and its radius be a units. If the plane x is such that the 
perpendicular distance of rfrom Oisp, andifp a, any point on the plane mis at adistance greater 
than or equal to p and so strictly greater than a. -Hence no point оҒт can be on the sphere since 
any pointon the sphere is at adistance equal toa from О. If, now, p= athe foot of the perpendicular 
from O to ті the only point on 7 which is at a distance p-a from о - АП other points on x аге 
at a distance greater than 4 from % апа һепсе this intersectie is a singleton. 

Finally, 40 <р <a, then the distance of any point common to the plane and the sphere from 
the foot L of the perpendicular from О to is constantly4z2— p? (See Fig. 10.15). So these 

ints lie on a circle with centre L and radius ya? —75? . Thus the assertion made above is 


completely established. 


Note: If v passes through the centre O of the sphere, the radius of the circular section is equal to 


the radius а of the sphere. 
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Fig. 10.15 


Example 10.10 

Find the radius of the circular section of the sphere |P [= 5 by the plane 
POPER) =343 

Solution 


The sphere 17 |= 5 has centre at the origin and radius 5. 


эрс 


Fig. 10.16 
эт с зо ёлда б 4 zl els 0 S 
The plane r= (i + j^ * КЁ) = 333 can be rewritten as r^— (+ р JESUM 


35 Ge жЕ ) is a unit vector. 
А 
This shows that the distance of the plane from the origin is 3. Thus, in Fig. 10.16 
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ОР-5, ON-3. 
Hence NP? = OP? -- ON 2 = 52 — 32 = 42 
ie., NP = 4. 


Equation of a Sphere, the Extremities of the Diameter being Given 


Let АВ be the diameter of a sphere whose centre is O (Fig. 10.17). Let the position vectors of the 
extremities А and В of the diameter be a and b respectively. Consider a point P on the surface 

of the sphere with position vector». Then APB determines a plane in which О lies. So the section 

of the sphere by this plane is a circle centred at O. We know that the angle 4PB is a right angle 


(angle in a semicircle). In other words, the vectors 4P and BP are orthogonal. 


P 


2i 
vi 


But Cod 
b 
and 


zt e ж 
The orthogonality o£ AP and BP implies that 
| Kop nime - (10.40) 


required equation of the sphere. If a = (а), а, a,), b = (b, b,, b.) in Cartesian 


i h is the : ОЛ 
which 1 the equation of the sphere on the line segment joining a and Р as diameter is 


coordinates, 


(- a) 7b) + 97a) 7 By) + Gap 75970 
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EXERCISE 10.4 


Find the equation of the sphere whose centre is (3, —1, 2) and radius is 4. 
Find the equation of the sphere whose centre is (1, 1, 1) and radius is 1. 
Find the centre and the radius of the sphere whose equation is 

xt у*+ :®— бх + 8у— 102+ 1=0. 
Find the centres and the radii of the following spheres: 
(a) 2:2 + 2у + 222 - 2x + 4y+ 22 4 3-0 
(b) x? ^y-2-ax-by-cz-0 


Find the equation of the sphere described on the join of the points 

(a) 4 (3, 4, 5), В (5,2, 3) 

(b) А (0, 1, 0), В (3, —5, 2) 

as the opposite ends of a diameter. Give also the radii and the centres of the spheres. 


Obtain the equation of the sphere described on the join of the points А (2, -3, 4), B(-5,6,—7) 
as a diameter. 


А point moves so that the sum of the squares of its distances from the six faces of a cube is 
constant. Show that its locus 1$ a sphere 


A plane passes through a fixed point (a, b, c). Show that the locus ofthe foot of perpendicular 
to it from the origin is the sphere 


xb y!-c!-ax-by-cez-0 


A plane passes through a fixed point (a, 5, c) and cuts the axes in 


А, B, C. Show th: 
locus of the centre of the sphere OABC is at the 


a b c 
i 11-02 
x y 2 


Find the equation of the sphere on the join of 
(а) (2,-3, 1) апа (1, 22, —1) as diameter. 
(b) (2, -3, 4) апа (-5, 6, —7) as diameter. 
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